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£^ ' Abstract 

As an application of the combinatorial description of fixed point loci of moduli 
CO ' spaces of sheaves on toric varieties derived in |Kooj , we study generating functions 

of Euler characteristics of moduli spaces of //-stable torsion free sheaves on nonsin- 
gular complete toric surfaces. We obtain a general expression for such generating 
| functions in terms of Euler characteristics of moduli spaces of stable configurations 

of linear subspaces. The expression holds for any choice of X, ample divisor, rank 
and first Chern class. It can be further simplified in examples, which allows us to 
compute some new and known generating functions (due to Gottsche, Klyachko 
and Yoshioka). In general, these generating functions depend on choice of stabil- 
ity condition, enabling us to study wall-crossing phenomena and relate to work 
of Gottsche and Joyce. Much of our work is in the spirit of Klyachko |Kly4| and 
pr) ' based on theory developed in |Koo| 

On" 
CO 

1 Introduction 

The moduli space of Gieseker stable sheaves is a complicated objectQ. For example, it 
satisfies Murphy's Law, meaning every singularity type of finite type over Z appears on 
it [Vakj . Nevertheless, we need a reasonable understanding of components of it, when 
we want to compute invariants associated to these components. Examples are motivic 
invariants like virtual Hodge polynomials, virtual Poincare polynomials and Euler char- 
acteristics of components of the moduli space of Gieseker stable sheaves. Other examples 
are (generalised) Donaldson-Thomas invariants of a Calabi-Yau threefold. 

This leads us to consider the following situation. Let X be a nonsingular projective 
toric variety with torus T, let Ox (1) be an ample line bundle on X and let P be a choice of 
Hilbert polynomial!. We can lift the action of the torus T on X to a regular action on the 
moduli space M.p of Gieseker stable sheaves on X with Hilbert polynomial P. In |Kooj . 
we gave a combinatorial description of the fixed locus (Adp) T . As a by-product, for any 
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Hilbert polynomial P of a reflexive sheaf on X, we found a combinatorial description of 
the fixed point locus (Afp) T of the moduli space ftf£> of Gieseker stable reflexive sheaves 
on X with Hilbert polynomial P. In the present paper, we apply the combinatorial 
descriptions of the fixed point loci to the case of torsion free sheaves on nonsingular 
complete toric surfaces. Many of the guiding ideas of |Koo] and the present paper come 
from Klyachko's remarkable preprint |Kly4| (see also |Klyl| , |Kly2| , |Kly3| ). The paper 
|Kooj lays the foundations for many ideas appearing in |Kly4| and generalises them to 
pure equivariant sheaves of any dimension on any nonsingular toric variety. The present 
paper can be seen as a systematic application to torsion free sheaves on nonsingular 
complete toric surfaces. 

The main goal of the present paper is to derive an expression for the generating 
function of Euler characteristics of moduli spaces of /i-stableD torsion free sheaves of 
rank r and first Chern class c\ on a nonsingular complete toric surface X with ample 
divisor H. We will obtain an expression for this generating function in terms of Euler 
characteristics of moduli spaces of stable configurations of linear subspaces in Theorem 
13.7} keeping X, H, r and c\ completely arbitrary^. The expression in Theorem 13.71 
can be further simplified in examples. The dependence on H allows us to study wall- 
crossing phenomena. Note that we compute Euler characteristics of moduli spaces of 
//-stable torsion free sheaves only, even in the presence of strictly //-semistable torsion 
free sheaves. 

This paper is organised as follows. In section 2, we recall the main results of |Koo] and 
gather some rudimentary information about motivic invariants and torus localisation. In 
section 3, we start by giving an explicit expression of the Chern character of a torsion free 
equivariant sheaf on a nonsingular complete toric surface in terms of certain 2D partitions 
associated to the sheaf. Here we use a formula due to Klyachko. Subsequently, using 
a result by Gottsche and Yoshioka, we note that in the surface case it is sufficient to 
compute generating functions of moduli spaces of //-stable reflexive sheaves only. Using 
these results, we derive a formula for any generating function of Euler characteristics of 
moduli spaces of /t-stable torsion free sheaves on a nonsingular complete toric surface 
(Theorem 13.71) . In section 4, we simplify this formula in examples and compare these 
examples to the literature. We consider the case rank 1 and trivially retrieve a result 
by Ellingsrud and Str0mme [ESj and Gottsche [Gotlj . We consider the case rank 2 
and X = P 2 and compare to work of Klyachko |Kly4| and Yoshioka [Yos] . We consider 
rank 2 and X = P 1 x P 1 or any Hirzebruch surface F a (a G Z>i), where we make the 
dependence on choice of ample divisor H explicit. This allows us to study wall-crossing 
phenomena and compare to work of Gottsche |Got2j and Joyce |Joy2| . We perform 
various consistency checks. Finally, we give a formula for rank 3 and X = P 2 , which we 
are not able to write in a short formal This formula allows for numerical computations. 
It should be noted that Ellingsrud and Str0mme |ESj and Klyachko |Kly4) use the torus 
action/techniques of toric geometry, whereas Gottsche |Gotlj . |Got2j and Yoshioka jYosj 
use very different techniques namely the Weil Conjectures to compute virtual Poincare 

3 The notion of //-stability is denned in |HL1 Def. 1.2.12]. 

Configurations of linear subspaces and their moduli spaces are a classical topic in geometric invariant 
theory (GIT). See [Doll Ch. 11] for a discussion. 

5 During the finishing of this paper, the author found out about recent independent work of Weist 
[Weij . where he also computes the case rank 3 and X — P 2 using techniques of toric geometry and 
quivers. 
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polynomials. Also Joyce |Joy2| uses very different techniques namely his theory of wall- 
crossing for motivic invariants counting (semi)stable objects. 

Acknowledgments. I would like to thank Tom Bridgeland, Frances Kirwan, Sven Mein- 
hardt, Yinan Song, Balazs Szendroi, Yukinobu Toda and Richard Thomas for useful 
discussions and my supervisor Dominic Joyce for his continuous support. This paper is 
part of my D.Phil, project funded by an EPSRC Studentship, which is part of EPSRC 
Grant EP/D077990/1. 

2 Fixed Point Loci of Moduli Spaces of Sheaves on 
Toric Varieties 

In this section, we briefly recapitulate the main results of |Kooj necessary for this paper. 
We also recall Klyachko's Formula for Chern characters of torsion free equivariant sheaves 
on nonsingular quasi-projective toric varieties and give a rudimentary discussion of mo- 
tivic invariants and torus localisation. We end this section with a trivial application, 
viz. generating functions of Euler characteristics of moduli spaces of //-stable torsion free 
sheaves on P 1 . All necessary details of subsections 2.1, 2.2, 2.3 can be found in |Kooj . 

2.1 Pure Equivariant Sheaves on Toric Varieties 

Let U a be a nonsingular affine toric variety defined by a cone a in a lattice N of rank 
r. Denote by T the torus acting on U a . The primitive lattice vectors of the rays (i.e. 1- 
dimensional faces of a) form part of a basis for N and by convention we will only 
consider the case dim(a) = r (i.e. U a = A r ). Denote by (p%, . . . , p r ) the rays of a and by 
(n(pi), . . . , n(p r )) the primitive lattice vectors. Let M = Hom(iV, Z) be the dual lattice. 
This is the character group of the torus T. Using the pairing (— , —): M x N — > Z, 
we denote the dual basis by (m(pi), . . . ,m(p r )). For a general nonsingular toric variety 
X defined by a fan A in a lattice N of rank r, we assume by convention every cone is 
contained in a cone of dimension r (therefore we can cover X by copies of A r ). We denote 
the cones of maximal dimension by <7i , . . . , <ji . Consequently, for each i = 1 we have 
rays p^\ primitive lattice vectors n(p^) and dual basis elements m(p^) as before. For 
any two cones r, a G A we write r -< o to indicate r is a face of a. This defines a partial 
order on A. Recall that the cones a G A are in order-preserving bijective correspondence 
with the invariant open subsets U a C X. Likewise, the cones a G A are in order- reversing 
bijective correspondence with the invariant closed subvarieties V(a) C X. In particular, 
dim(V A (cr)) = codim(a). The combinatorial description of pure equivariant sheaves on X 
given in Theorem 12. II below is ultimately based on Perling's notion of a cx-family |Perlj . 
[Per2j . The global section functor and decomposition into weight spaces under the regular 
torus action on the module of global sections induces an equivalence of categories 

Qco T ([/ CT ) — > cr-Families. 

Here Qco T (U a ) denotes the category of T-equivariant quasi- coherent sheaves on U a and 
a-Families denotes the category of a-families. A a-family is a collection of C-vector 
spaces 

{E a {\i, X r )} 
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together with C-linear maps 

Xi(Ai, . . . , A r ) : E a (\i, . . . , A r ) — > E a (\i + 1, A 2 • • • , A r ), 

X^(Ai, . . . , A r ) : -E" T (Ai, . . . , A r ) — > E a (X 1 , . . . , A r _i, A r + 1), 

for any (Ai, . . . , A r ) G Z r , such that for any i, j = 1, . . . , r 

xJ(Ai, . . . , Aj_x, Aj + 1, A i+ i, . . . , A r ) o xK^i, ■ ■ ■ j A r ) = 

X?(Ai, • • • , Aj-i, Aj + 1, Aj+i, . . . , A r ) o xJ(Ai, . . . , Ar), 

for any (Ai,...,A r ) G Z r . Denote such a a-family by E 10 ". A morphism of a-families 
(f) a \ E a — > F a is a family of C-linear maps {0 CT (Ai, . . . , A r ) : E a (X 1 , . . . , A r ) — ► 
F a (Xi, . . . , A r )}(x ll ... I A r )ez r satisfying the obvious compatibility conditions. We have de- 
rived the following result [Koo} Thm. 2.9]. 

Theorem 2.1. Let X be a nonsingular toric variety with fan A in a lattice N of rank 
r. Let t G A and consider the invariant closed subvariety V(t). It is covered by U a , 
where a G A has dimension r and r -< o. Denote these cones by o\,... ,o\. For each 

i = 1, . . . , I, let (pf, . . . , pf^j be the rays of o"j and let (pf , . . . , pfj C (pf, ■ ■ ■ , pf^j 

be the rays of r. The category of pure equivariant sheaves on X with support V(r) is 
equivalent to the category C T , which can be described as follows. An object E A of C T 
consists of the following data: 

(i) For each i = 1, . . . , / we have a Oi-family E Ui having the following properties: 

(a) There are integers Af < b[ , . . . , As < Bf, A^L, . . . , Ar such that we have 
E ai (Xi, . . . X r ) = unless Af < Ai < Bf, . . ., A { s i] < X s < bJ°, A% < X s+1 , 

(b) For all integers Af < A x < Bf, Af < A s < B® , there is a fi- 
nite dimensional C-vector space E ai (A\, . . . , A s , oo, . . . , oo) (not all of them 
zero) satisfying the following properties. Fix Af < Ai < Bf, Af < 
A s < By. All vector spaces E ai (Ai, . . . , A s , X s+ i, . . . , X r ) are subspaces of 
E Ui (Ai, . . . , A s , oo, . . . , oo) and the maps Xs+i(Ai, • • • , A r ), . . . , x^(Ai, . . . , A r ) 
are all inclusions. Moreover, there are integers X s+ ±, . . . ,X r such that we have 
E^(A X , ...,A S , X s+1 , ...,X r ) = E ai (Ax, . . . , A s , oo, . . . , oo). 

(ii) Let i, 3 = Let C {pf , . . . , pf] resp. [pf pf} C 

Pi , . . . , pr \ be the rays of cr^ n aj in ai respectively o~j, labeled in such a way 



that = pf k for allk — l,... ,p. Now let X { f,..., Xf G ZU {oo}, Xf , X ( r j) G 

Z U {oo} be such that A^* = Xf G Z for all k = 1, . . . ,p and An = An = oo 
otherwise. Then 

\k=l J \k=l 

X°n IT, ^ m (P*)) = ^ f E ^ m {Pf) ) . Vn = 1, . . . , r. 
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The morphisms of C T are described as follows. If E A , F A are two objects, then a mor- 
phism 4> A : E A — > F A is a collection of morphisms of a-families : E ai — > 

F°" i }j =1 ^ such that for all i,j as in (ii) one has 

We refer to the objects of the category C T as pure A-families with support V(r) and 
torsion free A-families in the case r = is the apex. 

In |Kool Subsect. 2.2], we also present a description of pure equivariant sheaves 
with possibly reducible support. For the purposes of this paper, we are only inter- 
ested in torsion free equivariant sheaves on X, i.e. taking r = the apex in Theo- 
rem 12.11 This recovers the combinatorial description of torsion free equivariant sheaves 
originally due to Klyachko (see |Kfy4[ Thm. 1.3.2]). In this case, the objects of the 
category C° are I families of r-dimensional multi-filtrations {E ai (Xi, . . . , X r )}(x 1 ,...,x r )eZ T 
of a finite-dimensional C-vector space 5/0. For each i = there are integers 

Af\ . . .,A^ such that E ffi (X 1 ,...,X r ) = unless Ai > Af\ . . ., X r > A$. More- 
over, there are integers Ai, . . . , X r such that E ai (Xi, . . . , A r ) = E. Finally, these families 
{E ai (Xi, . . . , X r )}(X 1 ,...,x r )ez r satisfy gluing conditions as specified in the theorem. 

A reflexive equivariant sheaf on X is torsion free and admits a particularly nice 
combinatorial description in terms of nitrations associated to the rays (i.e. 1-dimensional 
cones) of A due to Klyachko (see |Kly4[ Thm. 1.3.2]). Denote the collection of rays by 
A(l). Let £ be a nonzero finite-dimensional C-vector space. For each ray p £ A(l) 
specify a filtration of C-vector spaces 

■ ■ • C E p (X - 1) C E p (X) C E p (X + 1) C • • • , 

such that there is an integer A p with E P (X) = whenever X < A p and there is an 
integer B p such that E P (X) = E whenever A > B p . There is an obvious notion of 
morphisms between such collections of nitrations {E p (X)} p€ ^i). Suppose we are given 
such a collection of nitrations {E p (X)} pe /\(i)- From it we obtain a torsion free A-family 
by defining 

E Ui (A x , ... , A r ) = (Ax) n • • • n (X r ), 

for each i = and (Ai,...,A. r ) G Z r . Denote the full subcategory of torsion 

free A-families obtained in this way by TZ. The equivalence of categories in Theorem 
12. H restricts to an equivalence between the the full subcategory of reflexive equivariant 
sheaves on X and the full subcategory TZ (see [Peril Thm. 4.21]). This equivalence 
further restricts to an equivalence between the category of equivariant line bundles on 
X and the category of nitrations of E = C associated to the rays of A as above. We 
obtain a canonical isomorphism Pic T (X) = Z A( ^, where Z A W = Z# A W. 

2.2 Moduli Spaces of Pure Equivariant Sheaves on Toric Vari- 
eties 

A natural topological invariant for equivariant sheaves on toric varieties is the notion of 
characteristic function introduced in |Koot Def. 3.1]. 
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Definition 2.2. Let X be a nonsingular toric variety and use notation as in Theorem 
12.11 Recall that ax, . . . , a\ are the cones of maximal dimension having r as a face. Let £ 
be a pure equivariant sheaf on X with support V(r). The characteristic function Xs of 
E is defined to be the map 

XsH = (X?M, • • • , X?H) = (dim(^), . . . , dim(^)). 

We denote the set of all characteristic functions of pure equivariant sheaves on X with 
support V(t) by X T . 

Let J 7 be an 5-flat equivariant coherent sheaf on X x S for some connected C-scheme 
S of finite type (i.e. an equivariant 5-flat family). The characteristic functions of the 
fibres XFs stay constant over the base S |Kool Prop. 3.2]. In the case X is in addition 
projective with ample line bundle any pure equivariant sheaf on X with fixed 

characteristic function x £ X T will have the same Hilbert polynomial [Kool Prop. 3.14]. 
We refer to this polynomial as the Hilbert polynomial determined by x- F° r a fixed 
Hilbert polynomial P, we denote by Xp the subset of characteristic functions of X T 
giving rise to Hilbert polynomial P. 

Assume X is a nonsingular projective toric variety with ample line bundle OxiX), so 
we can speak of Gieseker (semi)stable sheaves on X |HL|, Sect. 1.2]. In |Koo|. Sect. 3.1], we 
introduce natural moduli functors of pure equivariant sheaves on X with characteristic 
function x £ % T 

M T / S : (Sch/C)° — > Sets, 
M^ s : (Sch/C)° — + Sets, 

of equivariant 5-flat families with fibres Gieseker semistable (resp. geometrically Gieseker 
stable) equivariant sheaves on X with support V(r) and characteristic function x- Two 
such families Tx, are identified if there exists a line bundle L on S (with trivial 
equivariant structure) and an equivariant isomorphism T\ = Ti p^L. 

By using the combinatorial description in Theorem 12.11 it is a straightforward exer- 
cise in GIT to define candidate C-schemes JvQ ss , ', which might corepresent these 
functors. Roughly, one takes certain closed subschemes of products of Grassmannians 
(related to the multi-filtrations appearing in Theorem 12.11) and affine spaces (related to 
the C- linear maps between the multi-filtrations appearing in Theorem 12.11) . The notion 
of GIT stability of these schemes depends on a choice of G-equivariant line bundle, where 
G is the reductive algebraic group with respect to which we take our GIT quotients. It is 
not a priori clear whether we can always construct an equivariant line bundle reproduc- 
ing the notion of Gieseker stability. However, in the case of torsion free sheaves (i.e. any 
X G X°, where r = is the apex), we can explicitly construct such equivariant line 
bundles [Kool Thm. 3.210. Choosing such an ample equivariant line bundle, one can 
prove the following theorem [Kool Thm. 3.12]. 

Theorem 2.3. Let X be a nonsingular projective toric variety defined by a fan A. Let 
OxiX) be an ample line bundle on X and let x £ X Q . Then Jy[°f s is corepresented by the 
projective C-scheme of finite type M.J SS . Moreover, there is an open subs et M u f C M u / S 
such that A^°' s is corepresented by and -M^ is a coarse moduli space. 

6 The equivariant line bundles constructed in |Koo[ Thm. 3.21] are in fact ample. 
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The discussion of this subsection so far can be done in full generality except construct- 
ing an equivariant line bundle which precisely reproduces Gieseker stability. In |Koo[ 
Subsect. 4.4], we also discuss natural moduli functors for reflexive equivariant sheaves on 
nonsingular projective toric varieties. Assume A is a nonsingular projective toric variety 
with ample line bundle 0^(1) ■ Let X r C X° be the subset of characteristic functions of 
reflexive equivariant sheaves on A. Take x £ X r . Define moduli functors 

U/t ss : (Sch/Cy — > Sets, 
f£t s : (Sch/C) — > Sets, 

of equivariant 5-fiat families with fibres /i-semistable (resp. geometrically //-stable) reflex- 
ive equivariant sheaves on X with characteristic function x modulo the same equivalence 
relation as before. Again, straightforward use of GIT yields candidate C-schemes J\f£ ss , 
Af^ s , which might corepresent these. This time we can construct particularly simple am- 
pie equivariant line bundles of the GIT problem which precisely reproduce //-stability. 
We choose such ample equivariant line bundles for our GIT quotients. Then Afi ss is 
corepresented by the quasi-projective C-scheme of finite type Af£ ss . Moreover, there 
is an open subset N ~ s C Af£ ss such that J\fi s is corepresented by Af£ s and Af£ s is a 
coarse moduli space jKool Thm. 4.13]. In this setting, Af£ ss , Af~ s are formed as GIT 
quotients of locally closed subsets of products of flag varieties by G = SL(n, C), where 
n — X ai • • • ) °°) — ' ' ' — X ai (°°> ■ ■ ■ j °°) is the dimension of the limiting vector space. 
We come back to this explicitly in subsection 3.2. 

It is important to note that the various moduli spaces of equivariant sheaves intro- 
duced in this subsection are explicit objects defined in terms of moduli spaces of stable 
configurations of linear subspaces using GIT. This makes them suitable for explicit com- 
putations as we will see. 

2.3 Fixed Point Loci of Moduli Spaces of Sheaves on Toric Va- 
rieties 

Let A be a connected projective C-scheme with ample line bundle 0x(l)- Let P be a 
choice of Hilbert polynomial. One can define natural moduli functors 

Alp : (Sch/C) — )• Sets, 
Mp : (Sch/C) — -+ Sets, 

of S'-flat families with fibres Gieseker semistable (resp. geometrically Gieseker stable) 
sheaves with Hilbert polynomial P. Two such families T\, are identified if there 
exists a line bundle L on S and an isomorphism T\ = T?, ®p^L |HL[ Sect. 4.1]. One can 
then construct a projective C-scheme of finite type A4p corepresenting Ai p and there is 
an open subset M. s p of Aip corepresenting Ai p [HLl Thm. 4.3.4]. In particular, Aip is 
a coarse moduli space. Now let A be a nonsingular toric variety with torus T. In |Koo} 
Sect. 4], we study the induced action of the torus T on Aip, Aip. We express the fixed 
point loci (Aip) T in terms of the explicit moduli spaces of pure equivariant sheaves of 
the previous subsection [Kool Thm. 4.8]. In the case we are dealing with torsion free 
sheaves, i.e. P has degree dim(A), the description is as follows [Koo| Cor. 4.9]. 
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Theorem 2.4. Let X be a nonsingular projective toric variety. Let OxiX) be an ample 
line bundle on X and let P be a choice of Hilbert polynomial of degree dim(X). Then 
there is a canonical isomorphism of quasi-projective schemes of finite type over C 

(m s p ) t = n M°/. 

Here (Xp) 9 ^ C Xp is the collection of gauge-fixed characteristic functions of torsion free 
equivariant sheaves on X with Hilbert polynomial P. These are by definition the char- 
acteristic functions x £ f° r which the maximally chosen lower bounds A± , . . . , Ar 
of x ai are all equal to zero (cf. Theorem 12.11 for the definition of the A®). 

Likewise, for reflexive sheaves, we introduce a natural moduli functor |Kool Sub- 
sect. 4.4] 

J£p : (Sch/C) — ► Sets, 

of S'-flat families with fibres geometrically /x-stable reflexive sheaves with Hilbert poly- 
nomial P modulo the same equivalence relation as before. There is an open subset 
Afp S C Aip corepresenting Af P s and Afp S is a coarse moduli space [Koo, Subsect. 4.4]. 
The torus action on Alp restricts to Mp S and we prove the following theorem [Koo[ 
Thm. 4.14]. 

Theorem 2.5. Let X be a nonsingular projective toric variety. Let Ox(l) be an ample 
line bundle on X and let P be a choice of Hilbert polynomial of a reflexive sheaf on X . 
Then there is a canonical isomorphism of quasi-projective schemes of finite type over C 

Here (Xp) 9 ^ = (Xp) 9 ^ fl X r is the collection of gauge-fixed characteristic functions of 
reflexive equivariant sheaves on X with Hilbert polynomial P. 

2.4 Chern Classes of Equivariant Sheaves on Toric Varieties 

So far, it was enough for our purposes to note that the Hilbert polynomial of a pure 
equivariant sheaf on a nonsingular projective toric variety with ample line bundle is 
entirely determined by the characteristic function of the sheaf. We proved this by a 
general argument in [Kool Prop. 3.14]. In |Kool Subsect. 3.4], we also discussed that 
Klyachko in fact gives an explicit formula for the Chern character of a pure equivariant 
sheaf on a nonsingular quasi-projective toric variety in terms of its characteristic function 
only. In this subsection, we will recall Klyachko's Formula |Kly4[ Sect. 1.2, 1.3], stating 
it in the case of torsion free equivariant sheaves. The reader has to be aware of the fact 
that we follow Perling's convention of ascending directions for the maps of cx-families, as 
opposed to Klyachko's convention of descending directions. This results in some minus 
signs compared to Klyachko's formulae. 

Definition 2.6. Let {-E(Ai, . . . , A r )}(A li ... i A r )eZ'' be a collection of finite-dimensional C- 
vector spaces. For each i = 1, . . . , r, we define a Z-linear operator Aj on the free abelian 
group generated by the vector spaces {E^Ai, . . . , \ r )}(x 1 ,...,x r )& r determined by 

At-E^Ai, . . . , A r ) = E(\i, . . . , A r ) — E{Xi, . . . , Aj_i, A.; — 1, Aj + i, . . . , A r ), 
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for any Ai, . . . , A r G Z. This allows us to define [_E](Ai, . . . , X r ) — A\ ■ ■ ■ A r E(Xi, . . . , A r ) 
for any Ai, . . . , A r G Z. One can then define dimension dim as a Z-linear operator on 
the free abelian group generated by the vector spaces {-E^Ai, . . . , A r )}a lr ..,A r )ezr in the 
obvious way. It now makes sense to consider dim([.E](Ai, . . . , A r )) for any Ai, . . . , A r 6 Z. 
For example 

dim([£](A)) = dim(£(A)) - dim(£(A - 1)), 
dim([£](A 1; A 2 )) = dim(£(A 1; A 2 )) - dim(E(A 1 - 1, A 2 )) - dim(E(A 1 , A 2 - 1)) 
+ dim(£(Ai -1,A 2 - 1)), 

for any A, Ai, A 2 G Z. 

Proposition 2.7 (Klyachko's Formula). Let X be a nonsingular quasi-projective toric 
variety with fan A in a lattice N of rank r. Let o~x, . . . , o~i G A be all cones of dimension 

r and for each i = 1, . . . ,1, let (^p± \ . . . , pftj be the rays of o~i. Then for any torsion free 
equivariant sheaf £ on X and corresponding torsion free A-family E A , we have 

ch(S) = J2 (-l) codim(CT) dim([^](A)) exp I - £ (A, n(p))V(p) 
o-eA, Aez dim ( CT ) \ peo-(i) 

In this proposition, o~(l) means the collection of rays of a. Likewise, we denote the 
collection of all rays of A by A(l). Any cone a G A is a face of a cone <7j of dimension r. 
Assume a has dimension t. Let E a denotes the a-family corresponding to the equivariant 
coherent sheaf £\u a - Note that £\u a is torsion free (see |Koo| Prop. 2.3, 2.8]). Let 

{^Pi \ . . . , pr^ be the rays of crj, with first integral lattice points (^n (^Pi^ ,n (prj j , 

and let without loss of generality \ . . . , pf^j C (^Pi \ ■ ■ ■ , Pr^ be the rays of a. Then 
£ CT (Ai, . . . , X t ) = E Ci {X Xl . . . , At, oo, . . . , oo) for all Ai, . . . , A t G Z by [Ko"ol Prop. 2.8]. 



2.5 Motivic Invariants 

One can define the virtual Poincare polynomial P(X, z) G Q[z] of any quasi-projective 
variety X (this is summarised in |Joyl[ Exm. 4.3, 4.4] and also |Got21 Sect. 1(c)]). 
The definition is elaborate and involves Deligne's weight filtration. The value e(X) = 
P(X, —1) is the Euler characteristic of X. In the case X is nonsingular and projective, 
the virtual Poincare polynomial reduces to the ordinary Poincare polynomial P(X, z) = 
X]fc=o l( ' X ' ) b k (X)z k , where b k (X) are the Betti numbers. The virtual Poincare polynomial 
(and therefore the Euler characteristic) satisfies the following properties: 

(i) If Y C X is a closed subvariety of a quasi-projective variety, then P(X, z) = 
P(X\Y,z) + P(Y,z). 

(ii) If X, Y are quasi-projective varieties, then P(X x Y, z) = P(X, z)P(Y, z). 

(iii) If / : X — > Y is a bijective morphism of quasi-projective varieties, then P(X, z) = 
P(Y,z). 
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As a consequence, a Zariski locally trivial fibration <p : A — > Y of quasi-projective 
varieties with fibre a quasi-projective variety F satisfies P(A, z) = P(F, z)P(Y, z) |Joyl[ 
Lem. 4.2]. One can also define the virtual Hodge polynomial H(X;x,y), but we will 
not go into this. All of these objects are called motivic invariants. By restricting to the 
reduced subscheme, all of these motivic invariants can be extended to quasi-projective 
C-schemes of finite type and the aforementioned properties continue to hold. Note that 
P(A 1 ,z) = z 2 and P(pt,z) = 1. The following result is well-known (e.g. see |CG] ). 

Proposition 2.8 (Torus Localisation). Let X be a quasi-projective C-scheme of finite 
type. Let T be an algebraic torus acting regularly on X . Then e(X) = e(X T ). 

2.6 The Case P 1 

Let A be a nonsingular projective (irreducible) variety of dimension n. Instead of 
Hilbert polynomial, it is better for computational purposes to fix Chern characters 
chfc G H 2k (X, Q) (for all k — 0, . . . , n) or, equivalently, rank r G H°(X, Z) and Chern 
classes G H 2k (X, Z) (for all k = l,...,n). Therefore, we will proceed to do this 
instead. Note that H°(X,Z) ^ Z ^ H 2n (X,Z). The combinatorial descriptions of fixed 
point loci mentioned in subsection 2.3 hold analogously in this setting- 
Consider the combinatorial description in Theorem 12.41 of fixed point loci of moduli 
spaces of torsion free sheaves on nonsingular projective toric varieties in the simplest 
case, i.e. when dim(A) = 1. The only nonsingular projective toric variety of dimension 
1 is A = P 1 with fan: 

Let D be a point on A and H = aD an ample divisor on A (i.e. a G Z >0 ). A coherent 
sheaf £ on A is torsion free if and only if reflexive if and only if locally free. Let £ be a 
rank r equivariant vector bundle on A with corresponding framed torsion free A-family 
E A . Then E A is described by a pair of nitrations ({E ai (X)}\ e z, {E^ 2 (X))} xez) where 
E ai (X) is for A sufficiently small and C® r for A sufficiently large for each i — 1,2 
(Theorem 12.11) . Let N^(r,ci) be the moduli space of /i-stable vector bundles on A of 
rank r and first Chern class C\. 

Case 1: r = 1. In this case £ is always a line bundle and E A is described by two integers 
Ai,A2 indicating where the nitrations ^^(A), E a2 {\) jump dimension. From Theorem 
12.51 and Klyachko's Formula (Proposition 12. 7p . we obtain Aj^(l,ci) T = pt. Using torus 
localisation (Proposition 12.81) . we deduce that 

^ e (Af(l, Cl ))g Cl = ^g fe - 

ciez fcez 

Case 2: r > 1. In this case, it is easy to see £ always decomposes, since the pair of 
nitrations ({E ai (\)}\ e z, {_E ,fT2 (A))}Agz) decomposes. Hence there cannot be any /i-stable 
equivariant vector bundles on A of rank r, so Theorem 12.51 implies N% (1, C\) T = 0. 
Using torus localisation (Proposition 12.81) . we deduce that 

J>(Af(r, Cl ))g Cl =0. 

Note that this result trivially follows from [HLl Thm. 1.3.1]. 

7 Note that when X is in addition toric, H 2 *(X,Z) = A*(X) and H 2 *(X,Q) = A*(X) ® z Q, so it 
does not matter whether we work in cohomology or the Chow ring [Full Sect. 5.2]. 
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3 Euler Characteristics of Moduli Spaces of Torsion 
Free Sheaves on Toric Surfaces 



In the rest of this paper, we will consider a nonsingular completej toric surface X with 
ample divisor H. For fixed rank r > 0, first Chern class C\ and second Chern class 
c 2 , we denote the moduli space of //-stable torsion free sheaves on X of rank r, first 
Chern class c\ and second Chern class c 2 by Mj^(r, c 1; c 2 ). Since geometric //-stability 
is an open condition, this moduli space is naturally an open subset of the moduli space 
of Gieseker stable torsion free sheaves on X of rank r, first Chern class c\ and second 
Chern class c 2 (see |Kool Subsect. 4.4] for a more detailed discussion). Our goal is to use 
the combinatorial description of fixed point loci of the previous chapter, i.e. Theorems 
12.41 12.51 to compute the generating function 

^e(Mf(r, Cl ,c 2 ))g C2 . 

Note that this generating function is an element of Z((g)), i.e. a formal Laurent series 
in q, by the Bogomolov Inequality [HI4 Thm. 3.4.1]. We derive a general formula for 
this generating function expressing it in terms of Euler characteristics of moduli spaces 
of stable configurations of linear subspaces (Theorem 13.71) . Note that we compute Euler 
characteristics of moduli spaces of //-stable torsion free sheaves M^(r, Ci,c 2 ) only and 
ignore strictly //-semistable torsion free sheaves. The reason is that the combinatorial 
descriptions of fixed point loci of Theorems 12.41 12.51 use simpleness in an essential way 
(see jKool Sect. 4]). In section 4, we simplify the general formula of Theorem 13.71 and 
compare to the literature in the examples X arbitrary and rank r = 1, X = P 2 and rank 
r = 1, 2, 3, and X = ¥ a (a G Z> ) and rank r = 1, 2. Here we write F a for the bundk^l 
p : F a = P(0 P i(a) © O-pi) — > P 1 . We insist on keeping H and c\ arbitrary in these 
examples. 



3.1 Chern Characters of Torsion Free Equivariant Sheaves on 
Toric Surfaces 

We will start by recalling some well-known facts. A classification of all nonsingular 
complete toric surfaces is given by the following proposition [Ful, Sect. 2.5]. 

Proposition 3.1. All nonsingular complete toric surfaces are obtained by successive 
blow-ups o/P 2 and W a (a G Z> 0y ) at fixed points. 

Combinatorially, such blow-ups are described by stellar subdivisions, i.e. creating a fan 
A out of A by subdividing a fixed cone through the sum of the two integral lattice 
vectors of its rays. Let A be a fan obtained in such a way out of one of the fans of P 2 , 
F a (a G Z>o). Let <j\, . . . , ajsr be its 2-dimensional cones and let p\, . . . , pjv be its rays 

8 Note that for 2-dimensional toric varieties the notion of complete (i.e. proper) and projective are 
the same [Full Sect. 3.4]. 

9 Note that Fq = P 1 x P 1 and the F a for a S Z>i are the Hirzebruch surfaces. 
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numbered counterclockwise as follows: 



Pi 




A 



where cone crj has rays pi, pi + \ for all i — 1, . . . , N (the index i is understood modulo 
N, so cone has rays p^, Pi)- Note that we take iV = Z 2 as the underlying lattice, 
M = Z 2 as the dual lattice and (— , — ) : M x N — > Z as the canonical pairing 10 !. Denote 
the primitive lattice vectors corresponding to the rays p 1: . . . , p N by v±, . . . , v^. Since 
vx,V2 form a basis for N, we can assume without loss of generality that v i = ex, t> 2 = e 2 
are the standard basis vectors. Denote the corresponding divisors by Dx, . . . , Dn = P 1 
(PEH Sect. 2.5]). Consider the Chow ring A{X) = A (X) @ A 1 (X) @ A 2 (X) . Using [Ml 
Sect. 5.2], we get A(X) = Z[D 1( . . . , D N ]/I, where I is the ideal generated by 



DiDj = 0, unless i = 1, . . . , N, j = i + 1, 
DiDjD k = 0, for all i,j,k = l,...,N. 

Since X is a complete toric variety, A 2 (X) = Z so D\D 2 = D 2 D 3 = ■ ■ ■ = D^-\Dn = 
D N Dx ^ in A(JT) ([EH Sect. 2.5]). Denote this element, which generates A 2 (X), 
by pt. Finally, the self-intersections are given by D 2 = —ai pt, where a t is defined to 
be the integer satisfying t>j_x + v i+ i = a^i for all z = 1, . . . , N ( |Fult Sect. 2.5]). We 
define & = -(ei,^), rji = -(e 2 ,^) for all i = 3, . . . , N. The integers {ai}f =1 , {&}il 3 , 
{rji}fL 3 are entirely determined by the fan A. Note that e(X) = N by torus localisation 
(Proposition 12.81) . 

Let C*x(l) be an ample line bundle on X. There are isomorphisms Z^ -2 = A l (X) = 
Pic(X), which map integers (a 3 , . . . , a^) to the divisor a 3 D 3 + • • ■ + o>nD n and to the 
line bundle Ox(a 3 D 3 + • • ■ + ajyD N ). Let (a 3 , . . . , ctjv) be the integers corresponding to 
(9^(1) and define ot\ = a 2 = 0. Let £ be a torsion free equivariant sheaf on X of rank r 
with corresponding framed torsion free A-family E A . Using Theorem 12.11 we see such a 
family is described by N double-filtrations {^^(Ai, A 2 )}(A 1 ,A 2 )ez 2 of C® r 



10 We use N = 1? for the lattice and N £ Z>3 for the number of 2-dimensional cones (T\,...,aN of 
A, but from the context no confusion in notation will arise. 



N 



N 



Di + ^ j {e 1) v i )D i 



0, D 2 + ^(e 2 ,^)A = 0, 



i=3 



^ CT! (Ai, A 2 ) C £T'(Ai + 1, A 2 ), for all (Ai, A 2 ) E Z 2 , 
W'iXx, A 2 ) C ET'iXi, A 2 + 1), for all (A 1; A 2 ) e Z 2 , 



12 



such that for each % — 1, . . . , N there are integers Ai, Bi with the property E ai (\\, A2) = 
unless Ai > Ai, A 2 > Bi and there are integers Ai, A 2 such that E ai (Xi, A 2 ) = C® r . These 
double-filtrations satisfy gluing conditions 

E ai (oo,\) = E^ +1 (X,oo), for all A G Z, 

for alH = 1, . . . , N. We introduce notation for the limiting nitrations {E ai (\, oo)}\ez 
associated to any ray pi 





E ai (X,oo) 



if A < Ai 

Pi (l) G Gr(l,r) if Ai < A < A, + A,(l) 

Pi (2) G Gr(2, r) if A t + A,(l) < A < A + A,(l) + A,(2) 



if Ai + Aj(l) + Ai(2) 



Ai(r - 1) < A. 



Note that the A,gZ and the A^j) G Z> . 

Let x £ be the characteristic function of a torsion free equivariant sheaf on X of 
rank r. Then for any 2 = I, . . . ,1, the dimension profile of looks as follows, where we 
use notation Ai, Aj(j) as just introduced. 



Ai(l) 



A,(r - 1) 



r-l 



I 



I 

1 L 



~1 







r - 1 



A m (r-1) 



(Ai, A i+ i) 

Let j = 1, . . . ,r and define for all (Ai, A 2 ) G Z 2 



<Mj)(Ai,a 2 ) = 

^(j)(Ai,A 2 ) = 



A m (l) 



1 if x CTl (Ai,A 2 ) >j 

otherwise, 

1 if <fii(j)(\i, A 2 ) = (^(j)^, A 2 ) = 1 for some \[ > Ai and A' 2 > A 2 
otherwise. 
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Subsequently, we define 7Tj(j) to be the union of all blocks [Ai,Ai + 1] x [A2, A2 + 1] 
for (Ai,A 2 ) G Z 2 such that A 2 ) — <Mj)(Ai,A 2 ) = 1. In other words, from the 

diagram of x°% we obtain 2D partitions 7r»(l), . . . , 7Tj(r) C M ® z M: 



7r,:(r 



7Ti(2) 



7Ti(r - 1) 



7Ti(r) 



We denote by #7Tj(j) the number of blocks of the 2D partition 7Tj(j) 

= E A 2 ) - ^0')(Ai, A 2 )) . 

(A 1 ,A 2 )GZ 2 

Proposition 3.2. Lei £ be a torsion free equivariant sheaf of rank r on a nonsingular 
complete toric surface X with Euler characteristic N . Suppose the characteristic function 
Xe of £ gives rise to integers At for all i = 1, . . . , N, nonnegative integers Aj(j) for all 
i = 1, . . . , N and j = 1, . . . , r — 1 and 2D partitions 7ti(j) for all i = 1, . . . , N and 
j = 1, . . . , r. Then 

N I r-1 \ 

ch(£) = r-J2\rA t + " J)MJ) A 

i=l V 3=1 J 

1 / N \ 2 r-1 / N / j \ \ 2 TV r 

+ 2 + 2E E U + a -EE^^p*- 

\i=l / 3=1 \i=l V fe=l / / i=l j=l 

Proof. Step 1. Assume r = 1 and Ax = • • • = A r — 0. For each i = 1, . . . , N, the 
double-filtration {E ai (Xi, \2)}(x 1 ,x 2 )& 2 gi ves r i se to a 2D partition 7Tj consisting of #7Tj 
blocks. Referring to Klyachko's Formula (Proposition 12. 7p . for each % = 1, . . . , N we have 
to compute 

E/(A) [dim(^(A, 00)) - dim(^(A - 1, 00))] , 
E 9(^i, A 2 ) [dim(£**(Ai, A 2 )) - dim(^(A! - 1, A 2 )) - dim(^(A 1; A 2 - 1)) 

+dim(^(A 1 -l,A 2 -l))], 

where /(A) is A or A 2 and g(Ai,A 2 ) is Ai, A 2 , A 2 , AiA 2 or A 2 . For each i = 1,...,N, 
define a® to be the smallest integer where i?°" l (A,0) jumps dimension and define to 
be the smallest integer where E ai (0, A) jumps dimension. Since A\ — • • • = A^ = 0, the 
first sum will be zero for both choices of /(A). The second sum can be rewritten as 

(i)_l 6(0-1 

E E ^1, A 2 ) - g(Xi + 1, A 2 ) - g(X 1 , A 2 + 1) + g(X 1 + 1, A 2 + 1)] dim(^(A 1; A 2 )) 

Ai=0 A 2 =0 

6(0-1 oW-i a(0-l 6(0-1 

+ ^(a«,6«)+^ ^(a»,A 2 )+E <?(Ai, - E <?(Ai + 1, 6 W ) - E s(a W , A 2 + 1). 

A 2 =0 Ai=0 Ai=0 A 2 =0 
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It is easy to see this sum only contributes for g(\i, A 2 ) = A1A2, in which case the contri- 
bution is 

a W-l 6(0-1 

-a«6« + Z) dim(^(Ai,A 2 )) = -#71,. 

Ai=0 A 2 =0 

We obtain 

TV 

ch(£) = l-J2#Ki Pt- 

i=i 

/Step 2. Assume r = 1 and Ai , . . . , A r arbitrary. This case can be reduced to Step 1 by 
tensoring with an equivariant line bundle and using |Koot Prop. 4.5]. One immediately 
obtains the following formula 

ch(£) = (l- pt^j e ~^ AiDi 

N / N \ 2 N 

i=l \i=l J i=l 

Step 3. Now let r be general. Let \£ be the characteristic function of S, then ch(£ ) 
depends only on xe (Proposition [2]7|). Let T = C\@- ■ -@C r be the sum of r rank 1 torsion 
free equivariant sheaves C a defined by torsion free A-families {L^ 4 (Ai, A 2 )}(a 1i a 2 )gz 2 

/ C if dim(^(Ai,A 2 )) >a 
L a (Ai,A 2 j-| Q otherwise . 

Clearly xe = Xt, so the result follows from ch(£) = Y7i=i c h(£«) and Step 2. □ 



3.2 Vector Bundles on Toric Surfaces 

In this subsection, we will discuss in more detail reflexive equivariant sheaves on non- 
singular complete toric surfaces. Recall that on a nonsingular surface a coherent sheaf 
is reflexive if and only if locally free |Har2| Cor. 1.4]. We will derive an expression for 
generating functions of Euler characteristics of moduli spaces of /x-stable vector bun- 
dles on nonsingular complete toric surfaces. This will yield an expression for generating 
functions of Euler characteristics of moduli spaces of /z-stable torsion free sheaves on non- 
singular complete toric surfaces by the following proposition of Gottsche and Yoshioka 
[Got3l Prop. 3.1]. 

Proposition 3.3. Let X be a nonsingular projective surface, H an ample divisor, r G 
Z >0 and C\ G H 2 (X,Z). Then 

e(M§ (r, Cl , c 2 ))g C2 = j- £ e(iV| (r, c 1; c 2 ))q c \ 

c 2 ez Llk=l\ ? ) C2gZ 

In this proposition, Nx (r, ci, c 2 ) is the moduli space of /x-stable vector bundles on X of 
rank r, first Chern class c\ and second Chern class c 2 (see subsection 2.3). Note that 
Nx(r, ci,c 2 ) is an open subset of Mj^(r, ci, c 2 ), since reflexive is an open condition (see 
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|Koo| Subsect. 4.4]). Combining this proposition with torus localisation (Proposition 
12 .8 j) and the combinatorial description of fixed point loci of moduli spaces of /^-stable 
reflexive sheaves on nonsingular projective toric varieties (Theorem 12. 5p . we obtain the 
following result. 

Proposition 3.4. Let X be a nonsingular complete toric surface, H an ample divisor, 
r G Z >0 and c x G H 2 (X, Z). Then 

^e(Mf(r, Cl ,c 2 ))^ = 1 ^ E ^D**- 



V (r,ci,c 2 ) 

In this proposition, A^ s denotes the moduli space of //-stable reflexive equivariant sheaves 
on X with characteristic function x (see subsection 2.2). 

The goal of this subsection is to simplify the expression in the previous proposition 
by studying more closely how characteristic functions and Chern classes of equivariant 
vector bundles on nonsingular complete toric surfaces are related. Here we will make use 
of Proposition 13.21 The notion of characteristic function of an equivariant vector bundle 
on a nonsingular complete toric surface can be rephrased by using the notion of display 
named after Klyachko's similar notion introduced in |Kly4 , Def. 1.3.6]. 



Definition 3.5. Let r be a positive integer, let A%,A 2 be integers and let Ai(l),..., 
Ai(r — 1), A 2 (l), • • • , A 2 (r — 1) be positive integers. A display S located at A 2 ) of 
widths (Ai(l), . . . , Ai(r — 1); A 2 (l), . . . , A 2 (r — 1)) and rank r is a diagram S obtained as 

follows. Consider the lines x = A 1 , x = A 1 + A 1 (l), . . ., x = Ai + Ai(l)H hAi(r-l), 

y = A 2 , y = A 2 + A 2 (l), . . ., y = A 2 + A 2 (l) + ■ ■ • + A 2 (r - 1) in R 2 an choose a 
permutation a G S r . From this we construct a diagram. For example, in the case of a 
permutation a G S r sending 1 — > 3, 2 — >• 1, 3 — > 4, 4 — > 2, . . ., we draw the following 
diagram, where we refer to the lines as the edges. 

A x (l) A x (2) A x (3) ••• Ai(r-l) 



A 2 (r-1) 



! A 2 (3) 

! A 2 (2) 
. I A 2 (l) 

(A l7 A 2 ) 

It is clear how the edges arise from the permutation a. One can uniquely put numbers, 
called dimensions, in this diagram as follows. Put the number r in the upper right region 
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x > Ai + Ai(l) H h Ai(r - 1), y > A 2 + A 2 (l) H h A 2 (r - 1) and every time one 

crosses a horizontal or vertical edge, one decreases the dimension of the corresponding 
region by one as indicated by the following diagram. 



A^l) Ax(2) A x (3) 



Ax(r-l) 









| r 






3 


A 2 (r - 1) 


\ 1 










2 


3 A 2 (3) 





1 


2 A 2 (2) 


• 


L 




A 2 (l) 



(A 1 ,A 2 ) 

The resulting diagram is called a display S located at (A±, A 2 ) of widths (Ai(l), . . . , Ai(r— 
1); A 2 (l), . . . , A 2 (r — 1)) and rank r. Next, we want to allow degeneracies i.e. al- 
low the Aj(j) in the definition of a display to be zero. For any Ai,A 2 G Z and 
Ai(l),...,Ai(r - 1) G Z> , A 2 (l), . . . , A 2 (r - 1) e Z> , we define a display 5 lo- 
cated at (A 1 , A 2 ) of widths (Ai(l), . . . , A x (r - 1); A 2 (l), . . . , A 2 (r - 1)) and rank r as 
follows. Let o G S r be a permutation. Consider the display located at (Ai, A 2 ) of widths 
(1,...,1;1,...,1) and rank r defined by a. Then separate (or join) two adjacent horizon- 
tal or vertical lines according to the widths Ai(l), . . . , A x (r — 1), A 2 (l), . . . , A 2 (r — 1), 
where several lines are allowed to coincide. The diagram of such a display 5 typically 
looks like: 

Ai(l) Ax (3) ••• A 1 (r-1) 







| r 






A 2 (r - 1) 




3 




1 








2 


3 A 2 (3) 







1 


2 A 2 (2) 



. i_ A 2 (l) 

(A 1 ,A 2 ) 
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We denote the collection of displays located at (Ax, A 2 ) of widths (Ai(l), . . . , Ai(r — 
l);A 2 (l),...,A 2 (r-l)) and rank r by V(A U A 2 ; A^l), . . . , A^r-l); A 2 (l), . . . , A 2 (r- 

!))• 

The main use of displays is as follows. Consider the afhne plane A 2 as a toric variety 
with canonical torus action. Characteristic functions of equivariant vector bundles (or, 
equivalently, reflexive equivariant sheaves) of rank r on A 2 are in 1-1 correspondence 
with displays of rank r (see subsections 2.1 and 3.1). As such, given a display 5 of rank 
r, we can associate 2D partitions tt(1), . . . , n{r) to it as in subsection 3.1. We define the 
size of 5 to be #5 = YJi=i # 7r (0- 

Let X be a nonsingular complete toric surface. Let r G Z >0 , Ai,...,Ajv G Z 
and Aj(l), . . . , Aj(r — 1) G Z> for all i = 1, . . . , N. For each z = 1, . . . , N, define 
Flag(Aj(l), . . . , Aj(r — 1)) to be the closed subscheme of YYjZi Gr(j, r) defined by closed 
points (pi(l), ■ ■ ■ ,Pi(r — 1)) satisfying Pi(l) C ••• C Pi(r — 1). Note that we omit 
factors Gr(j, r) in the product Hj=i Gr(j, r) corresponding to Aj(j) = 0. Suppose 

I e nti ^t+i; Ai(l), . . . , A-(r - 1); A m (l), . . . , A i+1 (r - 1)). We also refer to 

<5 as a display. We define an associated locally closed subscheme 

N N r-1 

% C n Flag(A i (l), . . . , A,(r - 1)) C JJ JJ Gr(j, r), 

i=l i=l j=l 

where a closed point {pi(j)} of [Tjli Flag(Aj(l), • • • > Aj(r — 1)) is defined to belong to 
whenever for any i = 1, . . . , N, ji,j2 = 1, ■ ■ ■ , r — 1 we have dim (pi(ji) PI Pi+i(j2)) is 
equal to the dimension of the region Ai + A«(l) + • • • + Aj(ji — 1) < x < Ai + Aj(l) + 
• • • + AiO'i - 1) + A^ji), i4i+i + A i+1 (l) + • • • + A m (j 2 - 1) < y < A i+1 + A i+1 (l) + 
+ A i+1 (j 2 — 1) + A i+1 (j 2 ) of the display 5j. Note that these conditions are locally 

rr~i at i r~~i 



closed condition^ in Hili llj=i Gr(j, r). We can writd_l 

JV 

nFlag(A l (l),...,A,(r-l))= ]J X> ? . 

i=1 <5en£i r>(^,A j+ i;Ai(l),...,A i (r-l);A i+1 (l),...,A i+1 (r-l)) 

Note that for some 8, one can have T>g = 0. We introduce the notation #5 = X!i=i 
As we have seen, the category of reflexive equivariant sheaves of rank r on X is equivalent 
to the category of N nitrations of C® r (see subsection 2.1). The objects of the latter 
category are precisely the closed points of the following C-scheme 12 

N N 

ii ii ii n^w--^^- 1 )) w 

Ai,...,A N eZ i=l Aj(l),...,Ai(r-l)eZ> *=1 
AT 

= II II II II % 

Ai,...,AjveZ i=l Ai(l),...,A i (r-l)6Z> fen^i X»(A< A+i;Aj(l),-,A<(r-l);A j+ i(l),...,A i+ i(r-l)) 



11 Here it is useful to note that for any finite product of Grassmannians \ r \ i Gr(n,;, N), the map {pi} i-¥ 
dim(P)jPi) is upper semicontinuous. 

12 Strictly speaking, the equality sign means there is a canonical bijective morphism of C-schemes from 
LHS to RHS. 
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Let H be an ample divisor on X and let r G Z>o, ci G H 2 (X,Z), c 2 G Z. Let £ 
be any equivariant vector bundle of rank r on X with corresponding framed torsion free 
A-family E A considered as a closed point of the C-scheme ([I]). If the point lies in the 
component indexed by A\, . . . , An, Ai(l), . . . , Ai(r — 1), . . ., Ajv(1), . . . , A^(r — 1), 5, 
then its first Chern class is entirely determined by Ai, . . . , An, Ai(1), . . . , Ai(r — 1), 
. . ., Ajv(1), • • • , Ajv(r — 1) and its second Chern class by A\, . . . , An, Ai(1), . . . , Ai(r — 
1), . . ., Ajy(l), . . . , Ajy(r — 1) and 5 (see Proposition 13. 2p . Therefore, it makes sense 
to speak about A 1 , . . . , A N G Z, A 1 (l), . . . , Ai(r — 1) G Z> , . . ., Ajv(1), • • • , A^r — 
1) G Z> giving rise to C\ and given such about 5 G n»=i ^(Aj A+ij Aj(l), . . . , A, ; (r — 
1); A i+ i(l), . . . , A i+ i(r — 1)) giving rise to c 2 by the formula in Proposition 13.21 We 
immediately obtain that the objects of the category of iV nitrations of C® r corresponding 
to equivariant vector bundles on X of rank r, first Chern class c\ and second Chern class 
c 2 are in 1-1 correspondence with the closed points of the C-scheme 

U 

Ai,...,A N 6 Z 
Ai(l),...,Ai(r-l) eZ> 

A JV (l),...,Ajv(r-l) eZ> 
giving rise to c\ 

There is a natural regular action of the reductive algebraic group SL(r, C) on the ambient 
variety Yii=i TYjZi G T {ji r ) leaving each of the locally closed subschemes T>g invariant. 
Equivariant isomorphism classes of ample equivariant line bundles on YliLi Y[j=i Gr(j, r) 
are in 1-1 correspondence with sequences of positive integers {/%}i=i,...,jv,j=i,...,r-i [Dolt 
Sect. 11.1]. We consider the ample equivariant line bundle {A i ( i 7')(iy-D i )} i=lj ...,^=1,...,^- 1> 
where we recall that H ■ Di > for each % = 1 , . . . , r by the Nakai-Moishezon Criterion 
[Harll Thm. A. 5.1]. It is proved in [Kool Subsect. 4.4] (referring to |Koot Prop. 3.20] 
and its proof) that the pull-back of this ample equivariant line bundle to each T><> gives a 
notion of GIT stability which precisely coincides with //-stability. More precisely, we use 
these pull-backs to define our notion of GIT stability on each T>g and any equivariant 
vector bundle £ of rank r on X with corresponding collection of N nitrations E A of C 0r 
is /t-semistable if and only if E A corresponds to a GIT semistable point in the C-scheme 
(TTJ and £ is //-stable if and only if E A corresponds to a properly GIT stable point in the 
C-scheme (pQ) . The previous discussion combined with Theorem 12.51 yields the following 
proposition. 

Proposition 3.6. Let X be a nonsingular complete toric surface, H an ample divisor on 
X , r G Z >0 and c\ G H 2 (X, Z). Then for any c<i G Z ; there is a canonical isomorphism 

]l Vf/SL(r,C), 

A 3 ,...,A N ez 
A 1 (l) > ...,Ai(r-l)eZ>o 

A N (l),...,A N {r-l) eZ> 
giving rise to c± 

5 e 117=1 V(Ai, Mi; Ai(l), . . . , A(r - 1); A i+1 (l), . . . , A i+1 (r - 1)) 

giving rise to C2 



u 



nti Ai(l), . . . , Ai(r - 1); A l+1 (l), . . . , A i+1 (r - 1)) 

giving rise to C2 



Af (r, Cl ,c 2 ) T = 
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where Vi is the open subset of properly GIT stable elements with respect to the am- 
ple equivariant line bundle {Ai(j)(H ■ £)i)}i=i,...,Ar,j=;L,...,7— 1 an d ^e quotient is a good 
geometric quotient. 



Note that in the above proposition, we take Ax = A 2 = because of the disjoint union 
over gauge-fixed characteristic functions in Theorem 12 .51 Moreover, for any A 3 , . . . , G 
Z, Ai(l), . . . , Ai(r — 1), . . . , Ajy(l), . . . , A^(r — 1) G Z> giving rise to ci, the inte- 
gers A3, . . . , Am are unique with this property (i.e. determined by Ai(l), . . . , Ai(r — 
1), . . . , Ajv(1), . . . , Ajy(r — 1)). The isomorphism of the proposition is nothing but the 
isomorphism of schemes of Theorem 12.51 (with Hilbert polynomial replaced by rank and 
Chern classes). The displays 5 in the disjoint union for which Z>? 7^ precisely corre- 
spond to the characteristic functions x G {^( rCl c 2 )) anc ^ ^he / SL(r, C) precisely 
correspond to the N~ s . 

X. _ 

Let a, b G Z. If a 7^ 0, then we write a | 6 whenever b = ak for some G Z. Also, for 
later convenience, we write (a, 6) = 1 whenever a and b are coprime. Recall the notation 
introduced in subsection 3.1. Using Propositions 12. S\ 1 3.21 13.31 E33 a now straightforward 
computation yields an expression for the generating function. 

Theorem 3.7. Let X be a nonsingular complete toric surface, H an ample divisor on 
X , r G Z>q and a = Ei 3 /iA G # 2 (X, Z). T/ien 



]T e(M#(r, Cl , c 2 ))g C2 = . 



9 

Ai(l),...,A 1 (r-l) eZ> 

A JV (l) J ...,A J v(r-l) e Z> 
such that Vi = 3, . . . , N 

r I - fi + J iMMi + A 2 (i)% + Mj)) 



e;: [Er= 3 - zz\(r + {- £^(r - + ELi ^jok, 

. +{- E;=i(»- - fc ) A 2(fc) + Ei =1 r-A 2 (fc)}% + Ei=i rAiCfc)) A 

£ e(Pi/SL(r,C))g#*, 

?6niLi»(A i (l),...^i(r-l)jA i+1 (l),...,A i+1 (r-l)) 

where T>t is the open subset of properly GIT stable elements with respect to the am- 
ple equivariant line bundle {Ai(j)(H ■ A)}i=i,...,JV,i=i,...,r-i an d the quotient is a good 
geometric quotient. 



4 Examples 

Theorem 13.71 gives an expression for the generating function of Euler characteristics of 
moduli spaces of //-stable torsion free sheaves of rank r and first Chern class c\ on an 
arbitrary nonsingular complete toric surface X with ample divisor H . Although the 
expression in Theorem 13. 71 is general, further simplifications can be obtained in examples 
as we will see in this section. We apply Theorem 13.71 to the examples X arbitrary and 
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rank r = 1, X = P 2 and rank r = 1,2,3 and X = ¥ a (a £ Z>o) and rank r = 1,2. 
Various authors have considered some of these cases individually including Ellingsrud 
and Str0mme, Gottsche, Klyachko, Yoshioka and Weist. We will compare our results 
to their work and Joyce's general theory of wall-crossing for motivic invariants counting 
(semi)stable objects. 



4.1 Rank 1 on Toric Surfaces 

Let us consider the expression in Theorem 13.71 for rank r = 1 . 

Corollary 4.1. Let X be a nonsingular complete toric surface and let H be an ample 
divisor on X. Then for any c\ £ H 2 (X, Z) 

c 2 GZ Hfc=lU ^ ! 

This was first shown by Ellingsrud and Str0mme |ESj for the projective plane and the 
Hirzebruch surfaces using a natural C*-action. Subsequently, Gottsche proved it for 
general nonsingular projective surfaces using the Weil Conjectures |Gotlj . In fact, he 
computes an expression for Poincare polynomials, not just Euler characteristics. 



4.2 Rank 2 on P 2 , F a 

Consider the expression in Theorem 13.71 for rank r = 2. This time the occurrence of 
Euler characteristics of moduli spaces of stable configurations of points on P 1 makes the 
expression for the generating function significantly more complicated. Note that these 
moduli spaces of stable configurations of points on P 1 depend on the ample divisor H. 
We will simplify the formula for X = P 2 and X = ¥ a (a £ Z> ). We will also study 
wall-crossing for X = ¥ a (a £ Z> ). Throughout, we will pay special attention to the 
case X = P 1 x P 1 . 



4.2.1 Rank 2 on P 2 

Consider the fan of P 2 . 




Let D be the toric divisor corresponding to any of the rays, then for a £ Z we have aD 
is ample if and only if a is a positive integer. Note that for X = P 2 and ample divisor 
H = aD, the generating function in Theorem 13 .71 is independent of a, so without loss of 
generality, we can choose a — 1. In the rank r = 2 case, the spaces in Theorem 13.71 
are locally closed subschemes of (P 1 )^, where iV is the Euler characteristic of the surface 
X. For X = P 2 , we have N = 3. We introduce some graphical notation. Denote by: 

1 2 3 
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the locally closed subset determined by points (pi,P2,P3) G (P 1 ) 3 with pi ^ p 2 , P2 ^ P3 
and pi 7^ p 3 . Similarly, denote by: 

1,2 3 



the locally closed subset determined by points (pi,P2,P3) £ (P 1 ) 3 with p\ = p 2 ^ p 3 . We 
use similar notation for similar locally closed subsets. We refer to such locally closed 
subschemes as incidence spaces. For completeness, we will write out all terms of the 
expression in Theorem 13 .7\ though most will trivially be zero. We choose the first Chern 
class C\ = /3-D3 = f 3 D arbitrary and define / = / 3 G Z 



k=1 C2eZ A 1; A 2 ,A3GZ >0 

2 I - / + A x + A 2 + A 3 

e f -.-^.-/ (Al , A2)A3) SL(2,C)j ^A.+A.A.+A.A, 

1.2 3 \ 
! < ( — .-/(A 1+ A 2) A 3 )SL(2,C) J g^A.+A.Ax 

2.3 1 \ 

- I — •-/(A 1) A 2+ A3)SL(2,C) J ^x^+AaA, 

1,3 2 \ 
+e[— — /(A 1+ A 3 ,A 2 )j^ lA2+A2A3 

1,2,3 



+e ( —/a 1+ a 2+ a 3 SL(2, C) + J2 q y 2 ~^ + ^ 2 

A 2 ,A 3 eZ >0 
2 I - / + A 2 + A 3 

2 3 

e(-.-.-/(A 2 ,A 3 )SL(2,C) )q A ^ 



+e ( -.-/a 2+ a 3 SL(2, o] I + E ^M(a 1+ a 3)2 

/J Ai, A3 6 Z >0 

2 I - / + Ai + A 3 

< (-•-•-/(A li A 3 )SL(2,C))g A3Al 



+e ( -.-/ Al+A3 SL(2, o] I + E g^ 2 ~^ Al+A ^ 

' > Ai,A 2 G Z >0 

2 I -/ + A!+A 2 

( I_ 1 .J-/ (AiiA2) SL(2,C)^g AlA2 
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+e 



(-•-/A 1+ A 2 SL(2,C)j | + e ^— /A 1 SL(2,C)j q y 2 "^ 



Ai e Z >0 
2 | -/ + Aa 



A 2 6 Z >0 \ ' A 3 g Z >0 V / 

2 | - / + A 2 2 | - / + A 3 

E/ 2 | AxA 2 A 2 A :i A 3 A t A| A| a| 
g4 T 2 T 2 T 2 4 4 4. (2) 

Ai,A 2 ,A 3 e Z >0 
2 | - / + A x + A 2 + A 3 
Ai < A 2 + A 3 
A 2 < Ai + A 3 
A 3 < Ai + A 2 

1 2 3 

Here the quotients — •— •— • — /(Ai,a 2) a 3 )SL(2, C), . . ., are just another way of writing 

the quotients P| / SL(r, C) in Theorem 13.71 Therefore, the subscript of "/" refers 

to the ample equivariant line bundle with respect to which we take the geometric 

quotient (see subsection 3.2). Clearly, all these spaces are empty except for possibly 
12 3 

— •— •— • — /(Ai,a 2 ,a 3 )SL(2, C), which satisfies 

I'll, QW9 m^l / 1 if A f <A i + A fc forall{i > j > A;} = {l,2,3} 

-•-•-•-/(a 1 ,a 2 ,A3)SL(2,C) j = | Q otherwise. 

Let X be any nonsingular projective surface, H an ample divisor, r G Z>o, c\ G 
H 2 (X,Z) and c 2 G Z. Let a be a Weil divisor. Applying — <g> Ox (a), we obtain an 
isomorphism 

Mf (r, ci, c 2 ) = Mf (r, d + ra, (r - l) Cl a + -r(r - l)a 2 + c 2 ). 
For this, we note that — <g> Ox{a) preserves //-stability. We deduce 

J2 < M x (r, ci + ra, c 2 ))g C2 = g (-i)cia+ir(r-i)^ e(Mf (r, c 1; c 2 ))g C2 . (3) 

c 2 ez c 2 gz 

So for X = P 2 and r = 2, the only two interesting values for / are and 1. We can now 
prove the following corollary. 

Corollary 4.2. Let X = P 2 and let H be an ample divisor on X . Then 



E e ( M * ( 2 > °> = n °° ?i _ ak)e E E i _ „,„+„ 

C2 GZ Hfc=lU 9 J m =ln=l 1 9 

= q 3 + 6g 4 + 30g 5 + 116g 6 + 399g 7 + 1233g 8 + 3539g 9 + 9519g 10 + 0(q u ) 



oo oo 



i — — „mn 

E (2, 1, C 2 ))0- = n oo , _ fc)6 E E 

C2 GZ llfe^l 1 9 J m=ln=1 1 9 

= g + 9g 2 + 48g 3 + 203g 4 + 729g 5 + 2346g 6 + 6918g 7 + 19062g 8 + 49620g 9 
+ 123195g 10 + O(g n ). 
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Proof. Refer to the previous computation, in particular equation (j2J). Summing over 

A 1; A 2 , A 3 G Z, Ax > 0, A 2 > 0, A 3 > 0, A x < A 2 + A 3 , A 2 < Ax + A 3 , 
A 3 < Ax + A 2 , 2 | - / + Ax + A 2 + A 3 , 

is equivalent to summing over 

e,^(GQ>o, £ + ?? e z, e + CeZ, ri + (eZ, 2| - / + 2£ + 27/ + 2(, 

by using the substitutions f = |(Ax + A 2 - A 3 ), rj = |(Ai - A 2 + A 3 ), C = §(-Ai + 
A 2 + A3). This in turn is equivalent to summing over 

f f f 

k.m.n € Z, k > — , m > k , n> k , 

' ' ' 2 2 2 



by using the substitutions £ = r] = m — C — n — ^2 ■ We obtain 

1 00 00 00 

^e(Mf(2,0,c 2 ))^ = (1 _ aP)6 E E E^> 

c 2 eZ llp=lV y I k=l m=k+l n=k+l 

. 00 00 00 

E ft 1. *)>«- = n- (1 ' )6 E E E ^"-' !< *- 1) . 

c 2 ez iip=iv y / k=lm=kn=k 

from which the result follows by using the geometric series. □ 

In |Yosj . Yoshioka derives an expression for the generating function of Poincare poly- 
nomials of MJ^(2, l,c 2 ) for X = P 2 and H any ample divisor on X using the Weil 
Conjectures. Specialising to Euler characteristics, his result is 



J>(Mf(2,l,c 2 ))g c 



r («+l) 2 



^/ 2-4n 8g 2 ^ , , 

Equating to the formula obtained in Corollary 14.21 we have proved an interesting equality 
of expressions. Although it does not seem to be easy to show the equality directly, one can 
numerically check agreement of the coefficients up to large order by making expansions 
of both series. In [Klyil , Klyachko computes J] C2eZ e(Mf (2, 1, c 2 ))g C2 for X = P 2 and 
H any ample divisor on X, essentially using the same methods as in this paper. In fact, 
our work is based on the philosophy of Klyachko. As mentioned in the introduction, 
the paper |Kooj lays the foundations for many ideas appearing in |Kly4] and generalises 
them to pure equivariant sheaves of any dimension on any nonsingular toric variety. 
This paper can be seen as a systematic application to torsion free sheaves on nonsingular 
complete toric surfaces. Klyachko expresses his answer as 

1 00 

e(Mf (2, 1, c 2 ))g C2 = _ £ 3H(4m - l)q m , 

c 2 €Z llfe^l 1 9 I m= i 

where H(D) is the Hurwitz class number 



H(D) 



number of integer binary quadratic forms Q of 
discriminant — D counted with weight Aut 2 q) 
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4.2.2 Rank 2 on F a 

Let us repeat the computation for rank 2 on P 2 in the more complicated case of rank 2 
on X = ¥ a (a e Z> ). The fan of F a is: 

(-l,a) 



We obtain relations -D 4 
Chow ring is given by 



D 3 and D A = D 2 + aD 3 . Define E = D 1: F = D 2 , then the 



A(X) = Z[E, F}/{E 2 , F 2 + aEF, F 3 



Any line bundle (up to isomorphism) is of the form 0(aE + (3F), where a, (3 £ Z. Such 
a line bundle is ample if and only if j3 > 0, a' := a — a(3 > [Full Sect. 3.4]. Fix such an 
ample line bundle and denote the corresponding ample divisor by H = aE + (3F. We 
note H ■ Di = (3, H ■ D 2 = a' , H ■ D 3 = (3 and H ■ D4 = a. Choose an arbitrary first 
Chern class C\ = f 3 D 3 + /4D4 G H 2 (X,Z). By formula (jHJ), the only interesting cases 
are (^3, f±) = (0, 0), (1, 0), (0, 1), (1, 1). Using the same notation for incidence spaces as 
before, it is easy to see that exactly 11 incidence spaces contribute to the generating 
function of Theorem 13.71 namely for any i, j, k, I such that {i, j, k,l} = {1,2,3, 4}: 

12 3 4 



i,j k I 
— • — • — •- 

i J k 



We proceed entirely analogously to the derivation of equation (j2J) in the rank 2 on P 
case. Note that this time, the geometric quotients Vt / SL(r, C) of Theorem 13.71 cai 
split up as a disjoint union of various incidence spaces. We obtain 



Y[(l-q k ) 8 J2 e ( M x^c u c 2 )) q ^ = 

E s J/,/. +5 ^(A a+ A 4 ,(A, +S A, +a ,-, ai , 

Ai,A 2 , A 3 , A 4 e Z >0 
2 I - h + Ai - aA 2 + A 3 

2 I - U + A 2 + A 4 
/3Ai < a'A 2 + /3A 3 + aA 4 
a'A 2 < (3A 1 + (3A 3 + aA 4 
^A 3 < /3Ai + a'A 2 + aA 4 
aA 4 < pA 1 + a'A 2 + /3A 3 



(4) 
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+ 



+ 



+ 



+ 



+ 



+ 



+ 



E 



Ai,A 2 ,A 3 ,A 4 e Z >0 
2 | - / 3 + Ai - aA 2 + A 3 

2 | - / 4 + A 2 + A 4 
/3 Ax + /3A 3 < a'A 2 + aA 4 
a'A 2 < /3Ai + /3A 3 + aA 4 
aA 4 < (3 Ax + a'A 2 + /3A 3 



E 



Ai,A 2 ,A 3 ,A 4 e Z >0 
2 | - / 3 + Ai - aA 2 + A 3 

2 | - / 4 + A 2 + A 4 
a'A 2 + aA 4 < (3 Ax + /3A 3 
/3Ai < a'A 2 + /3A 3 + aA 4 
/3A 3 < /3Ai + a'A 2 + oA 4 



E 



A 1 ,A 2 ,A 3 ,A 4 e Z >0 
2 | - / 3 + Ai - aA 2 + A 3 

2 | - U + A 2 + A 4 
/3Ai + a'A 2 < (3A 3 + aA 4 
/?A 3 < /3Ai + a'A 2 + aA 4 
aA 4 < (3 Ax + a'A 2 + /3A 3 



E 



A 1 ,A 2 ,A 3 ,A 4 e Z >0 
2 | - / 3 + Ai - aA 2 + A 3 

2 | - / 4 + A 2 + A 4 
/?Ai + aA 4 < a'A 2 + /3A 3 
a'A 2 < /3Ai + /?A 3 + aA 4 
/3A 3 < /3Ax + a'A 2 + aA 4 



E 



Ai,A 2 ,A 3 ,A 4 e Z >0 
2 | - / 3 + Ai - aA 2 + A 3 

2 | - U + A 2 + A 4 
a'A 2 + /3A 3 < /3Ai + aA 4 
/3Ai < a'A 2 + /3A 3 + aA 4 
aA 4 < /3Ai + a'A 2 + ^A 3 

E 

Ai,A 2 ,A 3 ,A 4 e Z >0 
2 | - / 3 + Ai - aA 2 + A 3 

2 | - / 4 + A 2 + A 4 
/3A 3 + aA 4 < /3Ai + a'A 2 
/3Ax < a'A 2 + (3A 3 + aA 4 
a'A 2 < 13 Ax + (3A 3 + aA 4 



,5/3/4+' 



f 2 



-i(A 2 +A 4 )(Ai + f A 2 +A 3 -§ A 4 ) 



^5/3/4+1 /f 



-i(A 2 +A 4 )(A 1 + § A 2 +A 3 -f A 4 ) 



g|/3/4+f/|-|(A 2 +A 4 )(A 1 -f A 2 +A 3 + f A 4 )+A 2 A 3 +A 3 A 4 +A 4 Ai 



i(A 2 +A 4 )(Ai-§A 2 +A3+§A 4 )+AiA 2 +A 2 A3+A 3 A 4 



? |/ 3 / 4 +f/|-i(A 2 +A 4 )(Ai-f A 2 +A 3 +f A 4 )+AiA 2 +A 3 A 4 +A 4 Ai 



? i/ 3 / 4 +f/|-i(A 2 +A 4 )(A 1 -§A 2 +A 3 +§A 4 )+A 1 A 2 +A 2 A 3 +A 4 A 1 



E 



4(A 2 +A 4 )(fA 2 +A 3 -|A 4 ) 



A 2 ,A 3 , A 4 e Z >0 
2 I - / 3 - aA 2 + A 3 
2 I - / 4 + A 2 + A 4 
a'A 2 < /3A 3 + aA 4 
/3A 3 < a'A 2 + aA 4 
aA 4 < a'A 2 + ^A 3 
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+ ^ g^ 4+ !^ + ^4(A 1+ A3-f A 4 ) + g ^/3/4 + f/ 4 2 + |(A 2 +A4)(A 1 + f A 2 -f A 4 ) 

Ax, A 3 , A 4 e Z >0 Ai, A 2 , A 4 e Z >0 

2 | - / 3 + Ai + A 3 2 | - / 3 + Ai - aA 2 

2 | - / 4 + A 4 2 | - U + A 2 + A 4 

/3Ai < /3A 3 + aA 4 /3Ai < a'A 2 + aA 4 

/3A 3 < /3A X + aA 4 a'A 2 < f3A 1 + aA 4 

aA 4 < /3Ai + /3A 3 aA 4 < /3Ai + a'A 2 

+ g |/3/4+f/!+|A 2 (A 1+ |A 2 +A 3 )_ 

Ai,A 2 ,A 3 e Z >0 
2 | - / 3 + A 4 - aA 2 + A 3 

2 | - U + A 2 
/3A a < a'A 2 + /3A 3 
a'A 2 < pAi +/3A 3 
/3A 3 < /3Ai + a'A 2 

Using equation (j2J), we can now prove the following corollary. 

Corollary 4.3. Let X = ¥ a , where a G Z> . Let = aDi + /3D 2 fre an ample divisor, 
i. e. a, (3 are integers such that a > a(3, (3 > 0. Let c 4 = /3D3 + /4D4 £ H 2 (X, Z) . Define 
X = %, then 

00 

n(i-^) 8 E e ( M ^ 2 ' ci ' c2 ^ c2= 

fe=l c 2 GZ 

±/ 3 /4+f/ 4 2 +§j(i-fj) 



E 



i, j, k, I 6 Z 
2 I / 3 +i, 2 I / 4 +j 
2 I f + A, 2 I j + I 
\i =i, -j <l< j 
-Xj + a(J + l) <k<\j 



+2 ( y] + J2 \ q ihh+vi+ i ^-y k +i ii +i ki -i i2 



i,j,k,l€Z i,j,k,lElt 
2 I /3+i, 2 I U + j 2 I f 3 + i, 2 I U+j 

2 I i + k, 2 I j + I 2 I i + k, 2 I j + I 

k < XI < i, I < j k < XI < i, I < j 

-i - a(j —l)<k, —Xj < k -i + a(j + I) < k, -Xj + a(j + I) < k 

+ ( 2 E + E + E 

i,j, fceZ i,j,fceZ i,j,k<EZ 

2 I / 3 + *, 2 I f 4 + j 2 I f 3 +i, 2 | / 4 + j 2 | f 3 + i, 2 | / 4 + j 

2 \ j + k 2 \ i + k 2 \ i + k 

i < Xj, f (j + k ) < * Aj < i, -Aj <k<\j Xj < i, j > 



|/3/4 + f/! + |j(i-fj) 



A— a A — 



^- < fe < A _1 i -Aj + 2aj <k<Xj 



Proof. We start by rewriting the first three terms of equation (j2J). In fact, these three 
terms will combine to give the first term of the expression in the corollary By using the 
substitutions i = Ai + A 3 + aA 2 , j = A 2 + A 4 , = Ai — A 3 + aA 2 and I = A 2 — A4, 
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the first term of equation (j3J) can be rewritten as 



J2 g|/3/4+|/! + |i(i-fi) _ g|/3/4+f/!+|j(i-fi). 

i,j,k,l£Zi i,j,k,lGli 
2 | / 3 + i, 2 | / 4 +j 2 | / 3 +i, 2 | / 4 +j 

2 | i + fc, 2 | j + 1 2 | i + k, 2 | j + I 

< Xj < i, -j < I < j 0<i< Xj, -jij + ^ < I < X~ l i 
-Xj + a(j + 1) < k < Xj -i + a (j + I) < k < i 

Using the same substitutions, the second and third term of equation (j3J) reduce to 



q \hh+-Jl+\i(i-%3) + 



i,j,k,lGZ i^j,k,l€'Zi 

2\f 3 + i,2\f i+ j 2 | h + h 2 | h+j 

2 | i + k, 2 \j + l 2 | i + k, 2 | j + 1 

< i < Aj, + ^ < I < X^i < Xj < i, -j<l< j 

-i + a(j + I) < k < i -Xj + a(j + I) < k < Xj 

Therefore the first three terms of equation (j4j) combine to give 



<1- 



E 

i,j, k,l G Z 
2 | / 3 + i, 2 | / 4 +j 
2\i + k, 2 | j + I 
Xj = i, -j <l< j 
-Xj + a(j + 1) <k<Xj 

We now prove the fourth to seventh terms of equation (jlj) combine to give terms two 
and three of the expression in the corollary. Using the substitutions i = Ai + A3 — C1A2, 
j = A 2 + A 4 , k = Ai — A 3 — aA 2 and I = — A 2 + A 4 , the fourth term of equation (jl]) 
rewrites as 

i, j, k,l G Z 
2 I / 3 +i, 2 I / 4 +j 
2 I i + fc, 2 I j + Z 
k < XI <i, I < j 
—i — a(j — I) < k, —Xj < k 

The fifth to seventh terms reduce in a similar way. 

Finally, we claim the eighth to eleventh terms of equation fll]) reduce to the fourth, 
fifth and sixth term of the expression in the corollary. Using the substitutions i = 
A3 + aA 2 , j = A 2 + A 4 and k = A 2 — A 4 , the eighth term becomes 



E 



|/3/4+f/! + |j(i-fi) 



k G Z 
2 I / 3 + i, 2 I h+j 

2 I j + k 
i < Xj, j{j + k) < i 
-xh + ^<k<X- 1 i 

The ninth to eleventh terms simplify similarly. □ 
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Specialising to a = in Corollary 14.31 immediately yields the following result. 

Corollary 4.4. Let I = P 1 xP 1 . Let H = aD\ + (3D 2 be an ample divisor, i.e. a, (3 
are positive integers. Let c\ = /3-D3 + /4-D4 G H 2 (X, Z). Define A = then 

00 

- q k ) 8 < M x (2, Pi, c 2 ))g C2 = - ^ giAA+i« 



fc=l C2S2 



i, j, k,l G Z 
2 I /s+i, 2 I / 4 +j 
2 I i + fe, 2 I j + J 
Aj = i, -j <l< j 
-Xj <k<Xj 



Q 



IhfA+Uj 



i, j, k,l G Z i, j,k £ Z i, j, k G Z 

2 I / 3 +t, 2 I / 4 + j 2 I f 3 +i, 2 I / 4 + j 2 I / 3 +t, 2 I U+j 

2 I z + k, 2 I j + I 2 I j + k, i < Xj 2 | i + k, Xj < i 

k < XI < i, I < j -X~ 1 i < k < X~ x i -Xj < k < Xj 

—i < k, —Xj < k 

In [Got2j . Gottsche derives an expression for generating functions of Hodge polyno- 
mials of moduli spaces of //-stable torsion free sheaves of rank 2 on ruled surfaces X 
with —Kx effective [Got2t Thm. 4.4]. Assume X = ¥ a , where a e Z> . Recall that X 
is naturally a ruled surface over P 1 and —Kx is effective. In particular, D\ is a fibre 
and D 2 is a section. Let C\ = eDi + D 2 (e G {0, 1}), H an ample divisor and c 2 G Z. 
Denote by M^' ss {2, ci, c 2 ) the moduli space of Gieseker semistable (w.r.t. H) torsion free 
sheaves on X of rank 2 with first Chern class c\ and second Chern class c 2 . Note that in 
our case, Num(X) = Pic(X). Gottsche and Qin have proved that the ample cone Cx in 
Pic(X) ®i R has a chamber/wall structure such that the moduli space M^' ss (2, ci, c 2 ) 
stays constant while varying H in any fixed chamber of type (ci,c 2 ) [Got2j . [Qin|. In 
our current example, the non-empty walls of type (ci, c 2 ) are precisely the sets 

= { x e Pic(X) ample | x ■ £ = 0}, 

where £ = (2n + e)D\ + (2m + 1)D 2 G Pic(X) for any integers m,n satisfying m > 0, 
n < 0, c 2 — m(m + l)a + (2m + l)n + me > [Got2} Sect. 4]. By writing elements of Q> a 
as |r for a, j3 G Z >0 coprime, we can identify them with ample divisors H = aD\ + (5D 2 
on X with a, /3 coprime and without loss of generality we can restrict attention to these 
ample divisors. Let A be the set of elements in Q >a which can be written as %, where 
a, (3 are coprime positive integers such that (2, c\ ■ H) — 1. We denote the complement 
by W = Q >a \ A and refer to W as the collection of wallJ^l. The elements A G A 
have corresponding ample divisor H for which there are no strictly /x-semistable torsion 
free sheaves of rank 2 and first Chern class C\ on X [HL, Lem. 1.2.13, 1.2.14], in which 
case M^' ss (2,ci,c 2 ) = Mj^(2,ci,c 2 ) for any c 2 G Z. The elements of W are precisely 
the rational numbers corresponding to ample divisors lying on a wall of type {c\, c 2 ) for 
some c 2 G Z. Let H = aD\ + (3D 2 be an ample divisor, i.e. a, (3 G Z>o such that a > a(3. 



13 The terminology "wall" in this context might be slightly confusing as W lies dense in Q >a 



even be equal to 
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Assume (a, (3) = 1 and define A = f . If if does not lie on a wall, in other words AG A 
(i.e. (2, (a - a/3) + e/3) = 1), then applying |Got2t Thm. 4.4] gives 



]Te(Mf(2, Cl , C2 ))g C2 = 

c 2 ez 

n oo * fc , 8 [a + 2ma-2(2m + 2n + e + l)]g( m+1 ) ma -( 2m+1 )™, (5) 



(m,n)GL(-fO 

L(#) := Um,n) E Z 2 \ m > 0, a - A > 



2m + 1 



Although Gottsche's formula fl5]) is equal to the result in Corollary I4.3[ it does not 
seem easy to obtain equality of both formulae by direct manipulations. However, it is 
instructive to make expansions of both expressions for various values of a, Cj, H with H 
not lying on a wall and compare the first few coefficients. One finds a perfect agreement. 

We end by simplifying the expression in Corollary 14.41 in the case A = 1 by splitting 
up inequalities and using geometric series. Note that by equation ([3]), there are only four 
interesting cases (/ 3 , / 4 ) = (0, 0), (0, 1), (1, 0), (1, 1). 

Corollary 4.5. Let X = P 1 x P 1 , H = D x + D 2 and c x = f 3 D 3 + f 4 D A E H 2 (X,Z). 
Then: 

(i) //(/ 3 ,/4) = (0,0), then 

4(2m - l)g2m(m+l) 



£ eOHf(2,c„c,))f = 1— J - f> - 1)V™ +E ^ 

C2 GZ Llh=l\ L Q ) \ m =l m=l 



C2 

oo 2m 



g2m 



+ EE^ 



^q2m(m— n+2)+l ^(2m+l)n f/" 2 ) 



( , (l- n)( g 2m+l_ ? n-l) 

2"^ ^^(2 m +l)( m -p+2)+n-m^^n+p^p _ ^n+pj(2m+l)j 

m=l n=l p=l 

= -g 2 - 8g 3 - 40g 4 - 160g 5 - 538g 6 - 1596g 7 - 4237g 8 - 10160g 9 - 21825g 10 + 0(q n ) 
(ii) J/(/ 3 ,/ 4 ) = (l,0) or (0,1), tfien 

j / oo 2m ^(2m+3)m-2mn+l ^(2m+l)n _ ^n 2 ^ 

ge(Mf(2,c 1 ,c 2 ))^ = jgj^ (EE (1 -,«r 

2m-~l ^(2m+l)m-2mp+l //^n+p— 3Ap _ ^n+p-lj2mj 2(2m — l)g( 2 m-l)m 

< < < q q«+P < g2m— 1 

m=l n=l p=l m=l 



+E^ 



4mg (2m+l 



)m 



«2m 
m=l " ^ 



2g + 22g 2 + 146g 3 + 742g 4 + 3174g 5 + 11988g 6 + 41150g 7 + 130834g 8 + 390478g 9 
+ 1104724g 10 + O(g n ). 
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(iii) //(/3,/ 4 ) = (M), then 



i / 00 00 o 2(m+l) 2 

C2 gz llfc=il A 9 J V m=i m=i 1 g 



2 ™~^ ^(2m+l)(m-n)+m+2n+l ^2mn _ ^n 2 ^ 



m=l n=l 



(1 - q n )(q 2m+1 - q n ) 



00 00 2m-l (2m+l)(m-p)+m+n+p+l^n+py fn+p\2m\ 

+EEE- 

m=l n=l p=l 

= 4g 4 + 28g 5 + 152g 6 + 656g 7 + 2504g 8 + 8620g 9 + 27520g 10 + 0(q n ). 
4.2.3 Wall-Crossing for Rank 2 on F a 

So far we have been applying Theorem 13.71 to compute expressions for generating func- 
tions in examples. We can also use Theorem 13.71 to get expressions for wall-crossing 
formulae in examples. We start with a few simple definitions. Let Z((g)) be the ring of 
formal Laurent series. It is clear that for all values A G Q> a the six sums on the RHS in 
Corollary 14.31 are all formal Laurent series. Therefore the RHS in Corollary 14.31 defines a 
map Q> a — > Z((g)). We define the following notion of limit. 

Definition 4.6. Let a G Z> and let F : Q >a — > Z((g)), A i-)- F(X) be a map. Let 
A G Q >a and let F G Z((g)). We define 

lim (F(Ao + e)-F(A -e')) = F , 

e,e'\0 

to mean for any JVeZ, there are e, e' G Q>o such that a < A — e' and 

F(\ + e)-F(\ -e')=F + O(q N ). 
Note that if the limit exists, it is unique. We refer to the expression 

lim (F(Ao + e)-F(A -e')) = F , 

e,e'\0 

as an infinitesimal wall-crossing formula. 

By using this notion of limit and applying it to the four terms of the expression in 
Corollary 14.41 it is not difficult to derive the following result. 

Corollary 4.7. Let X = P 1 x P 1 . Let H = aoDi + P0D2 he an ample divisor, i.e. «o, 0o 
are positive integers and suppose (q;q, (3q) = 1. Let c± = /3-D3 + /4-D4 G H 2 (X, Z). Define 
A = f Q , then 



-/) 8 £ lim ]>>(M^(2, Cl ,c 2 ))g- - £ e(M^'(2, Cl) c 2 ))q 

k=l ^ \c 2 GZ c 2 &L 
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k G Z, /3q I fc fc G Z, /3 | fe 

2 | / 3 +t, 2 | / 4 +j 2 | / 3 +t, 2 | / 4 +j 

2 | i + \ k, 2 | j + k 2 | i + X k, 2 \ j + k 
< A fc < i, < k < j -i < X k < 0, -j < k < 

fc G Z, /3 | fc i, j, fc G Z, /3 | fc 

2 | / 3 + A fc, 2 | / 4 +j 2 | / 3 + i, 2 | U + k 

2 | i + A fc, 2 | j + fc 2 | i + A fe, 2 | j + fc 

— AoA: < i < Aofc, k < —j —k < j < k, Xok < i 



+ 2 g^ /3/4+ ^ 2 -4 Yl 



q 



i,j G z, /3 M *>i e Z, /3 | j 

2 I / 3 + A z, 2 | / 4 + z 2 | / 3 + Aoi, 2 | / 4 + i 
2 | i + j, -i < j < i 2 | i + j, < j < i 

-1 v-l 



-2 g5/3/4+^-* 2 +4 g |/ 3 /4+^-y_ 

i,j G Z, a | i i,j 6 Z, ao | j 

2 | / 4 + A„ x i, 2 | / 3 + i 2 | / 4 + A^j, 2 | / 3 + i 

2 | i+j, -i<j<i 2 | i + j, < j < i 

Roughly, the formula of the previous corollary is obtained by considering all possible 
ways of changing in a term of the formula in Corollary 14.41 one or more inequalities con- 
taining A into equalities and summing these modified terms with appropriate signs. Note 
that the expression is only possibly non-zero in the case 2 | ao/4 + fiofs or equivalently 
(2, C\ ■ H) 7^ 1, i.e. H lies on a wall. It is easy to derive a nice infinitesimal wall-crossing 
formula from Gottsche's formula (jSJ). Let X = W a (a G Z> ), C\ = eDi + D 2 (e G {0, 1}) 
and H = a D 1 + (3 D 2 an ample divisor, i.e. a , (3 G Z >0 such that a > a(3 . Assume 
(ao, A)) = 1 an d define Ao = Using Definition I4.6[ one immediately obtains 

e fc f S e ( M v +£ (2, C!, c 2 ))g C2 - ]T e(M^-'(2, c 1; c 2 ))g C2 
\c 2 ez c 2 ez 

1 / 1 , a ^ \ i\ ..JfAn-gK2m-11 2 -ia+Je ( 6 ) 



^ 2 (l + I - A ) (2m - 1) ? |(Ao-|)(2m-l)^Ia+l e 



nr=i(i-^) 8 

771 G Z>l 

±(A -a)(2m-I) - \e G Z 

A priori we derive the above formula for Ao G A, i.e. H not lying on a wall, in which case 
there are no strictly yU-semistables and the result is 0. However, equation OH]) holds for 
any A G Q> a , because A C Q> a lies dense in Q> a . 

We can also derive equation ([6]) using Joyce's machinery for wall-crossing of motivic 
invariants counting (semi)stable objects |Joy2| . Joyce gives a wall-crossing formula for 
virtual Poincare polynomials of moduli spaces of Gieseker semistable torsion free sheaves 
on an arbitrary nonsingular projective surface X with —K x nef |Joy2| > Thm. 6.210 The 
surfaces X = W a (a G Z> ) with anticanonical divisor nef are precisely P 1 x P 1 , F 1; F 2 (as 
can be shown by an easy computation using |Fulj. Sect. 4.3] and the Nakai-Moishezon 



14 Note that the cited theorem also holds for slope stability instead of Gieseker stability. 
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Criterion |Harl| Thm. A.5.1]). However, in our computations, we will keep a G Z>o 
arbitrary. Let c\ = /3-D 3 + /4-D4 G H 2 (X, Z) and H = a D 1 + (3 D 2 be a choice of ample 
divisor. We take (chq, /3 ) = 1. Part of Joyce's philosophy is that one should study wall- 
crossing phenomena for motivic invariants of moduli spaces of (semi)stable objects, where 
the moduli spaces should be constructed as Artin stacks instead of schemes coming from 
a GIT construction. Keeping track of the stabilisers of (semi)stable objects will enable 
one to derive nice wall-crossing formulae. Nevertheless, for the purposes of this paper, 
we want to study wall-crossing phenomena of Euler characteristics of moduli spaces of 
stable objects defined as schemes coming from a GIT construction. Hence, in order to 
use Joyce's theory for our purposes, we need the following formula. For any nonsingular 
projective surface X, ample divisor H on X, r G Z>o, C\ G H 2 (X, Z) and C2 G Z 

e(M%(r, Cl ,c 2 )) = mn ({z 2 - l^Obji^^V), z)) . (7) 

Here P is the virtual Poincare polynomial (see subsection 2.5) and Obj^^ 1 ' 2 ^ 1 2c2 ^(/i) 
the Artin stack of /x-stable torsion free sheaves on X of rank r, first Chern class c\ and 
second Chern class c 2 (notation of |Joy2| ). Joyce proves that one can uniquely extend the 
definition of virtual Poincare polynomial to Artin stacks of finite type over C with affine 
geometric stabilisers requiring that for any special algebraic group G acting regularly on 
a quasi-projective variety Y one has P([Y/G], z) = P(Y, z)/P(G, z) |Joyl[ Thm. 4.10]. 
Equation (J2J) can be proved as follows. Recall that Mf(r, 01,02) is constructed as the 
geometric quotient w : R s — > M^(r,Ci,c 2 ) of some open subset of the Quot scheme 
with a regular action of some PGL(n, C). In fact, w is a principal PGL(n, C)-bundle 
|HIJ Cor. 4.3.5] and we have isomorphisms of stacks |Gon4 Prop. 3.3] 

M%(r,c u c 2 ) = [i*»/PGL(n,C)], Obj^'^-^V) = [R s /GL(n,C)]. 

Now the difficulty is that PGL(n, C) is in general not special. Define P((C*) n ) = 
(C*) n /C* • id and consider the geometric quotient R s /P((C*) n ). This gives a morphism 
R s /P((C*) n ) — > R s /PGL(n, C), where all fibres on closed points are isomorphic to 
F = PGL(n, C)/P((C*) n ). We deduce 

e ( M f (r,*,*)) = i™cr)) = «(g/P((C-)-)) = lim P(R-,z) 



e(F) nl z^-\ n \{z 2 - 1)™- 1 

_ (z 2 -i)p(R°, Z ) (zr-^m^r-i) _ lim , 2 _ 1)P(lRS/GUn c)] z) 

"i m i P(GL(n,C),z) n\(z 2 -iy " }™i [Z WW /^H">V\,z), 

where we apply |Joy2[ Thm. 2.4], |Joyl[ Lem. 4.6, Thm. 4.10] and we use the limit 

^ n{n — 1) ^ , 

lim z _»._i — - 2 (j^zfyr^ ~ 1 " > = Til. This proves formula (j7j). Combining equation ([7]), 
the generating function for the rank 1 case (Corollary 14.11) and |Joy2[ Thm. 6.21] gives 



lim ( ^e(M^(2, Cl ,c 2 ))g C2 - £ e(M^'(2, c 1; c 2 ))q^ J 
1 



nr=i(i-^) 8 . 

m G Z> 1 j 4 
i(A - a) (2m - / 4 ) - |(/ 3 + of 4 ) G Z 



^ 2 (l + I - A ) (2m - / 4 ) g|(^-f )(2m-/4) 2 -ia/| + I(/ 3+ a/ 4 )/ 4 
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The computation is slightly tedious and uses the Bogomolov Inequality |HL| Thm. 3.4.1] 
to show that the limit exists and equation fl3]) to split off the rank 1 contributions. Note 
that |Joy2[ Thm. 6.21] is a wall-crossing formula for Artin stacks of semi stable objects, 
whereas we have been dealing with Artin stacks of stable objects only. However, we 
claim equation flHJ) holds for any Ao G Q> a - If riot both = mod 2 and f± = Q mod 2, 
then A C Q> a is dense. Since we know there are no strictly /i-semistables for ample 
divisors in A, we see equation ([8]) holds in these cases. The case / 3 = f± = mod 2 
is harder to see, because this time A = 0. Therefore we consider the following more 
general argument to prove this case. Let £ be a rank 2 torsion free sheaf on X = ¥ a 
(a G Z>o) with arbitrary first Chern class c\ and second Chern class c%. Let H,H' be 
two ample divisors not lying on a wall of type (ci,cz)- Then S is strictly /z-semistable 
w.r.t. H if and only if S is strictly /x-semistable w.r.t. H' (compare |Got2| Thm. 2.9]). 
This can be seen as follows. Suppose £ is strictly /x-semistable w.r.t. H, then there is 
a saturated coherent subsheaf J-% C 8 with < rk(J r 1 ) < rk(£) such that = yf. 
Denote the quotient by then y^p = fig = . Since H is not lying on a wall, we 
have ci(J-"i) = c\(J-2) so in particular /r? = y^' = jj.^ . Since T\,T 2 have rank 1, they 
are automatically /x-stable and using |HH Prop. 1.2.7] it is not difficult to see E has to be 

/x-semistable w.r.t. H'. Therefore Obj ss' Cl ' 2 C1 2c2 ^(/i) \ Obji 2 ' Cl ' 2<Cl 2c2 ^(/i) is the same 
for any ample divisor not on a wall of type (ci,c 2 ) as desired. Note that equations (jOJ) 
and (jHJ) are consistent. In fact, they are even consistent in the case a > 2 suggesting 
|Joy2[ Thm. 6.21] holds more generally. 

Although we have now proved equation dHJ) to coincide with the expression in Corol- 
lary HZD in the case a = 0, it seems difficult to prove equality directly by manipulation of 
the formulae. It is instructive to make expansions up to a fixed order for specific values 
of Ci, Ao and verify the coefficients of the expansion are the same. More generally, we 
know equation ([6]) coincides with infinitesimal wall-crossing of the expression in Corol- 
lary [4731 Various numerical experiments by making expansions up to a fixed order again 
show consistency. In order to give an idea of the kind of expressions one obtains from 
Corollary 14.71 we compute the cases A = §, A = 1 and A = 2. 

Corollary 4.8. Let X = P 1 xP 1 . Let H = a^Dx + /3 D 2 be an ample divisor, i.e. «o, A) 
are positive integers. Assume (ao, 0q) = 1 and let c\ = /3-D3 + /4-D4 G H 2 (X, Z). Define 
X = ^, then: ' 

(i) IfX = l and (f 3 ,fr) = (0,0), then 

lim ( e(^4° +£ (2, Cl , c 2 ))g C2 - £ e(M^(2, c x , c 2 ))q 



C2 



e,e'\0 



\C2&Z C2&1 



j / oo oo ^4 m (m+l)+n 00 00 _^2m(2m+n)+n 

FT 00 (1 — a k ) 8 ( ^ 1 _ (7 4m+n + 1 _ n n 

iYk=l\ l % ) \m=ln=l 1 9 m=ln=l 1 9 

^2m(2m+n) ^ _ ^2ranj g _^2m(2m+l) 



E E " ; + E ^ + E 

m=l n=l ' m=l m=l 

^4m(m+l) 



+y - 

m=l y 



4g 4 + 32g 5 + 176g e + 768g 7 + 2904g* + 9856g 9 + 30816g 10 + 0(q 11 ' 
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(ii) If\o = \ and (/ 3 , / 4 ) = (1,0), toen 



C2 



1 / ~ ~ 4g 4m 2 +n+l ~ ~ _ 4g (2m^l) 2 + 2mn 

llfc=lA >i 7 \m=l n=l y y m=ln=l * 

~ ~ _4 (2m+l) 2 +nQ _ 2mn\ 4 (2m-l) 2 +n/ 1 _ (4m-3)n\ 

+ > > " "+> > — " " 

Z— / Z—/ ]_ Qii Z—/ Z— / ]_ Qti 

m=l n=l m=l n=l 

+ £ 2( 2m - + £ - 4 « + £ £- 



g _ g^m ^ g^ _ g4m 

m=l rn=l m=l , 

= 2q + 16q 2 + 88g 3 + 384g 4 + 1452g 5 + 4928g 6 + 15408g 7 + 45056g 8 + 124680g 9 
+ 329168g 10 + O(g n ). 

(iii) I/Xq = \ and (/ 3 , / 4 ) = (0, 1) or (1, 1), toen 

e fc ( E e ( M x +e ( 2 ' c i' c 2))? C2 - Ee(M^'(2, Cl ,c 2 ))g C2 J = 0. 
\c 2 ez c 2 ez / 

(iv) //A = l and (/ 3 , / 4 ) = (0,0), (1,0), (0,1) or (1,1), tfien 

e fc ( E e ( M x +e (2, ci, c 2 ))g C2 - £ e(M^'(2, Cl , c 2 ))g C2 J = 0. 
\c 2 ez c 2 ez / 

(v) //Ao = 2 and (/ 3 ,/ 4 ) = (0,0), then 



e fe E e ( M x +e (2, ci, c 2 ))g C2 - ]T e(M^" e '(2, Cl , c 2 ))g C2 

\c 2 GZ c 2 GZ 

= - ^formula for A = ^ and (/ 3 , / 4 ) = (0, 0)^ . 



(vi) //Ao = 2 and (/ 3 ,/ 4 ) = (0, 1), taen 



lim £ e(M^(2, Cl , c 2 ))g C2 - £ e(M*°~ e '(2, Cl , c 2 ))q 

e ' € \c 2 GZ c 2 GZ 

= - ^formula for A = ^ and (/ 3 , / 4 ) = (1, 0) 
(vii) //A = 2 and (/ 3 ,/ 4 ) = (1,0) or (1, 1), tfjen 

lim ( ^ e(M^ +e (2, Cl , c 2 ))g C2 - £ e(M^" e '(2, c 1? c 2 ))g C2 ) = 0. 

6,6 \[U \ / 

\c 2 ez c 2 ez / 

Referring to the first three cases and last three cases of the previous corollary, we note 
that changing Ao <H> ^ and (/ 3 , / 4 ) -h- (/ 4 , / 3 ) indeed changes the expression of the 
infinitesimal wall-crossing formula by a sign as a priori expected. 
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4.3 Rank 3 on P 2 

In this subsection, we consider Theorem 13.71 for the casd^l rank r = 3 and X = P 2 . 
Similar computations can be done in the case X = ¥ a (a G Z> ), but the computations 
become very lengthy. 

In the case X = P 2 , the expression in Theorem 13.71 does not depend on the choice 
of ample divisor, so we take ample divisor H = D (see 4.2.1). Let c\ = / 3 -D 3 = fD G 
H 2 (X, Z). Define A* = A^l), I\ = A;(2) for each z = 1, 2, 3. If A 1; A 2 , A 3 , r x , T 2 , T 3 G 
Z >0 and 5 = (Si, 62,63) are displays of widths (A 1; Ti, A 2 , r 2 ), (A 2 , T 2 ; A 3 , T 3 ) and 
(A 3 ,r 3 ; Ai,ri), then C {(pi,P2,Ps; ?i, ?2, 9a) I Pi C qi Vi = 1,2,3} C Gr(l,3) 3 x 
Gr(2,3) 3 = (P 2 ) 3 x (P 2V ) 3 . We also consider all degenerations, e.g. A x , A 2 , A 3 , T l5 T 2 G 
Z >0 , r 3 = and 6 = (5 1 ,5 2 ,5 3 ) displays with widths (A x , r x ; A 2 , r 2 ), (A 2 , T 2 ; A 3 , T 3 ) 
and (A 3 ,r 3 ; A^Tx), in which case Vg C {(pi,p 2 ,p 3 ; <?i, g 2 ) | p< C ft Vi = 1,2} C 
(P 2 ) 3 x (P 2V ) 2 . In a similar way as for the derivations of equations 02]), (jlj) in 4.2.1, 
4.2.2, let us describe the incidence spaces which contribute to the expression in Theorem 
13.71 All other incidence spaces can easily seen to never have properly GIT stable closed 
points (for ample equivariant line bundles as in subsection 3.2). Denote by: 



incidence space 1 




q-2 



the incidence space of three lines q\, q 2 , <? 3 in P 2 and three points pi G q±, p 2 G g 2 , p 3 G g 3 
on those lines such that qi, g 2 , g 3 are mutually distinct, their intersection points q% R g 2 , 
92 H g 3 , g 3 fl gi are mutually distinct, pi, p 2 , p 3 are not equal to gi D g 2 , g 2 D g 3 , g 3 fl q± and 
Pi) P2, P3 are not colinear. This is a locally closed subscheme of (P 2 ) 3 x (P 2V ) 3 . Likewise, 
we introduce the incidence spaces: 



q\ 



incidence space 2 




15 During the finishing of this paper, the author found out about recent independent work of Weist 
[Weij . where he also computes the case rank 3 and X = P 2 using techniques of toric geometry and 
quivers. Weist has communicated to the author that his results are consistent with Corollary 14. 9l of this 
subsection. 
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incidence space 3 




12 qi 
Qi 



incidence spaces 4-9 



incidence spaces 10, 11, 12 



incidence spaces 13, 14, 15 




q.i 



for all {i,j, k} = {1, 2, 3}, where for the first space the points pi, p 2 , P3 are colinear, as 
indicated by the dashed line, and for the second and last space pi, p%, p 3 are not colinear. 
Take one of these incidence spaces. Suppose we have an ample equivariant line bundle 
as in subsection 3.2 such that all closed points of the incidence space are properly GIT 
stable w.r.t. this ample equivariant line bundle and we form the geometric quotient by 
SL(3,C). The resulting Euler characteristics of the geometric quotients are e = — 1 for 
the first incidence space and e = 1 for the remaining incidence spaces. Here it is useful to 
note that any four distinct points Xi,X2,x%, 24 in the projective plane no three of which 
are colinear can be mapped to respectively [1:0:0], [0:1:0], [0:0:1], [1:1:1] 
by an element of SL(3, C) and this element is unique up to multiplication by a 3rd root 
of unity. The incidence spaces 4-9 all give the same contribution to the expression of 
Theorem 13.71 This also holds for the incidence spaces 10, 11, 12 as well as the incidence 
spaces 13, 14, 15. As an aside, note that the first three incidence spaces all give rise to 
the same display. We deduce 16 ! 

00 

q-^ 2 - q k f E < M " ( 3 > <*> C ^ C2 = 

k=l c 2 & 

16 Do not be confused by the number of inequalities over which we sum or the number of terms in the 
powers of q. 
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Ai,A 2 ,A3,ri,r 2) r 3 ez> 
Ai + 2ri < 2A 2 + 2A 3 + r 2 + r 3 
a 2 + 2r 2 < 2A1 + 2A 3 + ri + r 3 
a 3 + 2r 3 < 2A1 + 2A 2 + ri + r 2 
ri + 2A1 < 2r 2 + 2r 3 + a 2 + a 3 

r 2 + 2A 2 < 2ri + 2r 3 + Ax + A 3 
r 3 + 2A 3 < 2T 1 + 2T 2 + A 1 + A 2 



+ 

Ai,A2,A 3 ,ri,r2,r 3 e z >0 
Ai + 2ri < 2A 2 + 2A 3 + r 2 + r 3 

A 2 + 2r 2 < 2Ai + 2A 3 + Ti + r 3 

a 3 + 2r 3 < 2A1 + 2A 2 + ri + r 2 
ri + 2A1 < 2r 2 + 2r 3 + a 2 + a 3 

r 2 + 2A 2 < 2T 1 + 2r 3 + Ax + A 3 



+ 

Ax,A 2 ,A 3 ,rx,r 2 ,r 3 e z >0 
Ax + 2ri < 2A 2 + 2A 3 + r 2 + r 3 
A 2 + 2r 2 < 2Ax + 2A 3 + Ti + r 3 

a 3 + 2r 3 < 2A1 + 2A 2 + ri + r 2 
ri + 2A1 < 2r 2 + 2r 3 + a 2 + a 3 

r 2 + 2A 2 < 2fi + 2r 3 + Ax + A 3 



E 



Q 



- 2Ai - 2A 2 - 2A 3 - r x - T 2 - T 3 ) 2 

+ a x + a 2 + a 3 - r\ - r 2 - r 3 ) 2 

-^(-/ + Ai + A 2 + A 3 + 2T 1 + 2r 2 + 2r 3 ) 2 

+r\r 2 + r 2 r 3 + r\r 3 + a^ + A 2 r\ + a x a 2 
+A 2 r 3 + A 3 r 2 + a 2 a 3 + A 1 r 3 + A 3 ri + AiA 3 



/ + Ai + a 2 + a 3 + 2ri + 2r 2 + 2r 3 
Ax + A 2 < 2A 3 + Tx + r 2 + r 3 
A 2 + A 3 < 2Ai + Tx + r 2 + r 3 
Ax + A 3 <2A 2 + rx + r 2 + r 3 
Tx + r 2 < 2r 3 + Ax + A 2 + A 3 

r 2 + r 3 < 2ri + Ax + a 2 + a 3 
ri + r 3 < 2r 2 + Ax + a 2 + A 3 



1 ' -/ + A, 



2A 2 
-A 2 - 



2A 3 - r x 
A 3 — Ti — 



E 



5 



18V J ' ^1 

-^(-/ + A 1 + A 2 + A 3 + 2r 1 

+r\r 2 + r 2 r 3 + r\r 3 + A x r 2 + 
-A 2 r 3 + A 3 r 2 + a 2 a 3 + Air 3 - 



r 2 - r. 



+ 2r 2 + 2r 3 ) 2 
A 2 r x + A X A 2 
- a s t 1 + A,A 3 



E 



- / + Ax + A 2 + A 3 + 2ri + 2r 2 + 2r 3 

r 3 + 2A 3 < 2r a + 2r 2 + Ai + a 2 

Ax + A 2 + A 3 < Tx + r 2 + r 3 
Tx + r 2 < 2r 3 + Ax + A 2 + A 3 
Tx + r 3 < 2r 2 + Ax + A 2 + A 3 
r 2 + r 3 < 2T 1 + Ax + A 2 + A 3 

-^(-/ - 2A 1 - 2A 2 - 2A 3 -T 1 -T 2 - T 3 ) 2 

+ a 1 + a 2 + a 3 - r\ - r 2 - r 3 ) 2 
+ a x + a 2 + a 3 + 2r x + 2r 2 + 2r 3 ) 2 
+r!r 2 + r 2 r 3 + r\r 3 + A x r 2 + A 2 r x + a x a 2 
+A 2 r 3 + A 3 r 2 + a 2 a 3 + Air 3 + a-^ + AiA 3 



Q 



+ 6 

Ax,A 2 ,A 3 ,r 1 ,r 2 ,r 3 gz >0 

Ax + 2ri < 2A 2 + 2A 3 + r 2 + r 3 
A 2 + 2r 2 < 2Ai + 2A 3 + Tx + r 3 
Ax + A 3 + 2r 3 < 2A 2 + Tx + T 2 
Tx + T 3 + 2Ai < 2r 2 + A 2 + A 3 
T 2 + 2A 2 < 2fi + 2r 3 + Ax + A 3 



- / + Ax + A 2 + A 3 + 2ri + 2r 2 + 2r 3 

r 3 + 2A 3 < 2ri + 2r 2 + a 1 + a 2 

Ax + A 2 < 2A 3 + Tx + r 2 + r 3 
A 2 + A 3 < 2Ai + Tx + r 2 + r 3 
Ax + A 3 < 2A 2 + Tx + r 2 + r 3 
Tx +r 2 +r 3 < Ax + A 2 + A 3 

- 2Ax - 2A 2 - 2A 3 - Tx - T 2 - T 3 ) 2 

-^(-/ + Ax + a 2 + a 3 - r\ - r 2 - r 3 ) 2 
-±(-f + Ax + A 2 + A 3 + 2rx + 2r 2 + 2r 3 ) 2 
+rxr 2 + r 2 r 3 + r\r 3 + A x r 2 + A 2 r x + AxA 2 
+A 2 r 3 + A 3 r 2 + a 2 a 3 + A 3 rx + AxA 3 



E 



Q 



- / + Ax + A 2 + A 3 + 2T 1 + 2T 2 + 2T 3 

r 3 + 2A 3 < 2ri + 2r 2 + a 1 + a 2 

Ax + A 2 < 2A 3 + Tx + r 2 + r 3 
A 2 + A 3 < 2Ax + Tx + r 2 + r 3 
Tx+r 2 <2r 3 + Ax+A 2 + A 3 
r 2 + r 3 < 2I\ + Ax + A 2 + A 3 
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-£(-/ - 2A 2 - 2A 3 - r\ - r 2 - r 3 ) 2 
-^(-/ + A 2 + A3-r 1 -r 2 -r 3 ) 2 
+ A 2 + A 3 + 2I\ + 2r 2 + 2r 3 ) 2 
+r 1 r 2 + r 2 r 3 + r 1 r 3 
+ 3 9 +A 2 rx + A 2 r 3 + A 3 r 2 + a 2 a 3 + a^ 

Aa.Aa.r^ra.raeZ^ 3 I - / + A 2 + A 3 + 2I\ + 2T 2 + 2T 3 

2Tx < 2A 2 + 2A 3 + r 2 + r 3 a 2 + a 3 < r : + r 2 + r 3 

a 2 + 2r 2 < 2A 3 + r x + r 3 r x + r 2 < 2r 3 + a 2 + a 3 

a 3 + 2r 3 < 2A 2 + Tx + r 2 r 2 + r 3 < 2r x + a 2 + a 3 

r 2 + 2A 2 < 2ri + 2r 3 + a 3 ri + r 3 < 2r 2 + a 2 + a 3 
r 3 + 2A 3 < 2ri + 2r 2 + a 2 



•£(-/ - 2Ai - 2A 2 - 2A 3 - r 2 - r 3 

-^(-/ + A 1 + A 2 + A 3 -r 2 -r 3 ) 2 
+ A x + A 2 + A 3 + 2r 2 + 2r 3 ) 
+A X A 2 + A 2 A 3 + Ai A 3 



+ 3 +A x r 2 + A 3 r 2 + A 2 r 3 + r 2 r 3 + A x r 

Ai,A 2 ,A 3 ,r 2 ,r 3 ez >0 3| -/ + a x + a 2 + a 3 + 2r 2 + 2r 3 

A 2 + 2r 2 < 2Ai + 2A 3 + T 3 Ai + A 2 < 2A 3 + T 2 + T 3 

A 3 + 2r 3 < 2Ai + 2A 2 + T 2 A 2 + A 3 < 2A X + T 2 + r 3 

2Ai < 2r 2 + 2r 3 + A 2 + A 3 Ai + A 3 < 2A 2 + T 2 + T 3 

r 2 + 2A 2 < 2r 3 + Ai + A 3 r 2 + r 3 < Ai + a 2 + a 3 
r 3 + 2A 3 < 2r 2 + Ai + a 2 

Referring to equation (j^, we see the only relevant values for / are / = — 1, 0, 1. It is 
now easy to numerically compute the first ten Euler characteristics for these values. 

Corollary 4.9. Let X = P 2 and let H be an ample divisor on X. Then: 

e(Mf (3, -1, c 2 ))q C2 =3q 2 + 42g 3 + 333g 4 + 1968g 5 + 9609g 6 + 40881g 7 + 156486g 8 

+ 550392g 9 + 1805283g 10 + 0(q n ), 

Y e(Mf (3, 0, c 2 ))q C2 = - q 3 - 9g 4 - 60g 5 - 309g 6 - 1362g 7 - 5322g 8 - 18957g 9 

- 62574g 10 + O(g n ), 

Y e(Mf (3, 1, c 2 ))q C2 =3q 2 + 42g 3 + 333g 4 + 1968g 5 + 9609g 6 + 40881g 7 + 156486g 8 



c 2 GZ 



+ 550392g 9 + 1805283g 10 + 0(q n ^ 



The corollary suggests that the generating functions ^ C2gZ e(M^(3, ±1, c 2 ))q C2 are the 
same. Indeed, it is not difficult to see that changing Aj -H- Tj and / -h- — / interchanges 
terms two and three and terms five and six of the expression for the generating func- 
tion, while leaving terms one and four unchanged. This proves the generating functions 
S C2 ez e ^Mx (3? =t c i5 c 2))q C2 are the same for any c\ G H 2 (X,Z). This fact can be easily 
understood as follows. Let X be a nonsingular projective surface with ample divisor H. 
Let r G Z >0 , c\ G H 2 {X,2), c 2 G Z and denote by N^(r,ci,c 2 ) the moduli space of 
//-stable vector bundles on X of rank r, first Chern class c\ and second Chern class c 2 . 
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Then taking the dual gives an isomorphism 

7Vf(r, Cl ,c 2 ) A JVf (r, -c 1? c 2 ) 
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